Open-closed field algebras 

Liang Kong 
Abstract 

We introduce the notions of open-closed field algebra and open-closed field alge- 
bra over a vertex operator algebra V . In the case that V satisfies certain finiteness 
and reductivity conditions, we show that an open-closed field algebra over V canon- 
ically gives an algebra over a C-extension of Swiss-cheese partial operad. We also 
give a tensor-categorical formulation and constructions of open-closed field algebras 
over V. 

Introduction 

Open-closed (or boundary) conformal field theory was first developed in physics by 
Cardy [C1] - [C4] [CL| . It has important applications to certain critical phenomena on 
surfaces with boundaries in condensed matter physics. It is also a powerful tool in the 
study of "D-branes" in string theory. A mathematical definition of such theory, which 
generalizes Segal's definition of conformal field theory [SlJ[S2], is given by Huang [H7J, 
Hu and Kriz [HKr] . However, a thorough mathematical study of this subject is still 
lacking. 

In [V], Voronov introduced the so-called "Swiss-cheese operad" to describe the inter- 
actions among open strings and closed strings. In order to incorporate the full conformal 
symmetry which is not included in Voronov's notion of Swiss-cheese operad, Huang and 
the author introduced in [HKol] a notion called Swiss-cheese partial operad. One of the 
main goals of this work is to construct examples of algebras over certain C-extension of 
Swiss-cheese partial operad. 

Swiss-cheese partial operad consists of disks with strips and tubes, which are con- 
formal equivalence classes of disks with oriented punctures in the interior of the disks 
(called tubes) and those on the boundaries of the disks (called strips), together with a 
local coordinate map around each puncture. On the moduli space of disks with strips 
and tubes, which is denoted as 6, there are two kinds of sewing operations. One is 
called boundary sewing operation, which sews two elements in & along two oppositely 
oriented strips. The other one is called interior sewing operation, which sews a disk with 
strips and tubes with a sphere with tubes [H4] along two oppositely oriented tubes. 

Disks without interior punctures are closed under boundary sewing operations. This 
closed structure is nothing but the operad of disks with strips, which was introduced 
and studied in [HKolj and denoted as T. In [HKol], Huang and the author introduced 
the notion of open-string vertex operator algebra and showed that open-string vertex 
operator algebras of central charge c are algebras over T c , which is a C-extension of T. 

The moduli space of spheres with tubes equipped with sewing operations has a 
structure of partial operad, called sphere partial operad and denoted as K. It is well 
understood by the works of Huang [H1][H2][H4]. Similar to the study of T, we can 
study 6 in the framework of sphere partial operad K by embedding S into K via a 



doubling map 5 AJ[ClJ[HKolJ. The interior sewing operations on © correspond to a 
double-sewing "action" of K on the image of 5 (see (|2.23p ). As a consequence, the 
closed theory in an open-closed conformal field theory must contain both chiral part 
and anti-chiral part. Such closed theories were studied in [HKo2j[K2j[HKo3j in terms of 
the so-called (conformal) full field algebra and variants of it. More precisely, we showed 
in [K2] that conformal full field algebras over V L <S> V R , where V and V R are vertex 
operator algebras of central charge c L and c R respectively and satisfy certain finiteness 

and reductivity conditions, are algebras over the partial operad K cL ® K° R , where K cL 

and K cR are line bundles over the base space K [HKol][K2j. 

We are interested in algebras over (5 C , which is a C-extension of &. There is a natural 
action of K c <g> K c on & c induced by interior sewing operations [HKol]. Therefore, it 
is natural to expect that an algebra over & c with certain natural properties should 
contain a conformal full field algebra V c i and an open-string vertex operator algebra 
V op . Moreover, V c i should "act" on V op according to the action of K c (g) K c on & c . This 
requires certain compatibility between V c \ and V op . One of the compatibility conditions 
is the so-called conformal invariant boundary condition. It roughly means that the two 
vertex operator algebras generated by the left and right Virasoro elements in V c i must 
match in some way with that generated from the Virasoro element in V op . In this case, 
we also call it a boundary condition preserving conformal symmetry. In this work, we 
only study those boundary conditions which preserve an enlarged symmetry given by 
a vertex operator algebra U (see |FS1||FS2] for general situations). Such structure is 
formalized by a notion called open-closed field algebra over U (see Definition ll.25|) . 
When U satisfies conditions in Theorem lO.lt we show that an open-closed field algebra 
over U canonically gives an algebra over &°. 

Open-closed field algebras over U are difficult to study for general U. The following 
Theorem proved by Huang in [H8] is important for us to simplify the situation. 

Theorem 0.1. Let V be a vertex operator algebra with central charge c satisfying the 
following conditions: 

1. Every C-graded generalized V -module is a direct sum of C-graded irreducible V- 
modules, 

2. There are only finitely many inequivalent C-graded irreducible V -modules, 

3. Every M-graded irreducible V -module satisfies the C\-cofiniteness condition. 

Then the direct sum of all (in- equivalent) irreducible V -modules has a natural structure 
of intertwining operator algebra and the category of V -modules, denoted as Cy, has a 
natural structure of vertex tensor category. In particular, Cy has natural structure of 
braided tensor category. 

Assumption 0.2. In this work, we fix a vertex operator algebra V, which is assumed 
to satisfy the conditions in Theorem 10.11 without further announcement. 

The notion of open-closed field algebra over V can be described by very few data and 
axioms in the framework of intertwining operator algebra (see Theorem 11.281 for a precise 
statement). Moreover, such algebra has a very simple categorical formulation. We will 
introduce a tensor-categorical notion called open-closed Cy |Cyg,y-algebra (see Definition 
13. 13H and show that the category of open-closed field algebras over V is isomorphic to the 
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category of open-closed (VlCy^y-algebras. The categorical formulation of open-closed 
field algebra over V makes it very easy to construct examples. 

One of important developments on open-closed conformal field theories recently is a 
series of works [FFFSj [FS3] [FRSl] - [FRS4] |FjFRS| by Felder, Frohlich, Fuchs, Runkel, 
Schweigert, Fjelstad, on rational open-closed conformal field theories using the theories 
of modular tensor category and 3-dimensional topological field theories. Assuming the 
existence of the structure of a modular tensor category on the category of modules for a 
vertex operator algebra and the existence of conformal blocks with monodromies com- 
patible with the modular tensor category and all the necessary convergence properties, 
they constructed conformal blocks for open-closed conformal field theories of all genus 
and proved their factorization properties and invariance properties under the actions of 
mapping class groups. Our approach [HKol]-[HKo3][K2][K3] is somewhat complement 
to theirs. We leave a detailed discussion of the relation between these two approaches 
to future publications. 

The layout of this work is as follows. In Section 1, we review some old notions such 
as open-string vertex (operator) algebra, (conformal) full field algebra and variants of 
them. We also introduce the notions of open-closed field algebra and open-closed field 
algebra over U, and study their basic properties. In Section 2, we give an operadic 
formulation of open-closed field algebra over V. In particular, we show that an open- 
closed field algebra over V canonically gives an algebra over 6 C . In Section 3, we give a 
categorical formulation of the notion of open-closed field algebra over V . 

Convention of notations: N, Z, Z + , R, R+, C denote the set of natural numbers, inte- 
gers, positive integers, real numbers, positive real numbers, complex numbers, respec- 
tively. Let i = {z£ C\Jmz >0},H = {z6 C|Imz < 0}, H = HUM, M = HUR. We use 
R, H, EI to denote the one point compactification of R, H, H respectively. The following 
notations will also be used: Vn € Z + , 

= {(n,...,r n ) GR"|n > ••• > r n > 0}, (0.1) 
= {(z 1 , . . . ,z n ) £ M. n \zi / Zj, for i,j = 1, . . . ,n and i ^ j}, (0.2) 
= {(z 1 , . . . ,z n ) G C n \zi / zj, for i,j = 1, . . . ,n and i / j}. (0.3) 

The ground field is always assumed to be C. 
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valuable suggestions for improvement and for his constant support. I also want to thank 
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1 Open-closed field algebras 

Let G be an abelian group. For any G-graded vector space F = ® n ^GF(n) an d any n £ G, 
we shall use P n to denote the projection from F or F = llneG-^fn) to Fr n y We give F 
and its graded dual F' = (BneGF? n -, the topology induced from the pairing between F 

and F' . We also give Hom(i ? , F) the topology induced from the linear functionals on 
Hom(i ? , F) given by / i— > (v',f(v)) for / € Hom(F, F), v € F and v' € F' . For any 
vector space F and any set 5, F®° = C and S° is an one-point set {*}. 
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1.1 Boundary field algebras and open-string vertex algebras 

Definition 1.1. A boundary field algebra is a M-graded vector space V op with grading 
operator being d op , together with a correlation- function map for each n G N: 

mg> : V® n x A" -> F op 
(ui ® • • • ® «„, (n, . . . ,r n )) h-» m™(ui, . . . ,u n ;n, . . . ,r n ) 

and an operator D op G End V^, p , satisfying the following axioms: 

1. For each n G Z + , m n p \ui, . . . , it n ; ri, . . . , r n ) is linear in tti, . . . ,u n and smooth in 
n, . . . ,r„. 

/ — ii onrl 1 • — yyi / 



2. Vu G y op , m^(«;0) = u and l op := m,y(l) G (V op )(o)- 

Convergence property: Foi 
V^p, the following series^ 



(i) (i) 

3. Convergence property: For n G Z + , fe G N and £ = 1, . . . , n, U\, . . . , u n , u\ , . . . , u k G 



mW(«i. • • • > P.m*,^, . . . , u®,r®,. . . , rf), 

Ui+i,...,u n ;rx,...,r n ) (1.1) 
converges absolutely, whenever r\ < |r$ — rd for all j 7= £, to 



(n+fc-1)/ W (») . 

op ^ ""1 j • • • 3 u i—li u l 1 ■ ■ ■ 1 u k ' a i+li ■ ■ ■ 1 a n> 

ri, . . . ,ri_i,rj + . .. ,r» + r^,ri+i> • • • > r n)- (I- 2 ) 



4. d op -bracket property: 

e ad °fm^(ui, . . . ,u n ;ri, . . . ,r n ) = m^(e ado » , «i, . . . , e ad ^u n ; e a n, . . . , e a r n ). 

(1.3) 

for n G Z_|_, r\ > ■ ■ ■ > r n > 0,r G R and m . . . ,"U n G Vo P . 

5. D op -property: For ui, . . . , u n G V op , r% > • ■ ■ > r n > and r n + a > 0, 

e^Pm^ui, . . . ,u n ;ri, . . . ,r n ) = ra^(iti, . . . , it n , n + a, . . . , r n + a). (1.4) 

We denote such a boundary field algebra as (V op , m op , d op , D op ). Homomorphisms, 
isomorphisms and subalgebras of boundary field algebra are defined in the obvious way. 
Let the map Y op : V Q f 2) xl + ^ V op be defined by 

Y op : (u®v,r)\-^Y op (u,r)v = m 2 (u,v;r,0). (1.5) 

Then by the convergence property, we have 

Yop(lop,r) = id F , (1.6) 
lim Y op (u,r)l op = u, (1.7) 

r — >0 



x That the number of nonvanishing terms in the sum is countable is automatically assumed. 
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(n) 
op 



for u G V op . (|1.7|) implies that the map u i— > Y p(^i r ) is one-to-one. By (|1.3p . we have 

e adop y op (n, r) e - adop = Y op {e adop u, ar) (1.8) 

for « G V^ p , r G R + and a£K. By (jl.4p . we also have 

e aD °vY op {u, r)e~ aD °v = Y op {u, r + a) (1.9) 

for u G V op , r > 0, r + a > 0. Moreover, using (|1.7p and (jl.4p . we obtain the identity: 

y o >,r)l op = mg>(w;r) = e rD °»v. (1.10) 

(n) 

If we assume some analytic properties on mop , it is possible to use Y op to generate all 
. This motivate us to introduce the notion of open-string vertex algebra in [HKolj . 
The definition given here is a refinement of that in |HKol| . 

Definition 1.2. An open-string vertex algebra is an R-graded vector space V op = 
®n&.(Yop){n) (graded by weights) equipped with a vertex map: 

Yop : (V op <g> V op ) xR + ^ Vop 

(u®v,r) i-> Y op (u,r)v, (1-H) 

a vacuum l op G V op and an operator D op G End V op of weight 1, satisfying the following 
conditions: 

1. Vertex map weight property: For si, S2 G R, there exists a finite subset S(s\, S2) C 
R such that the image of (© s6sl+ z(Vop)( s )) ® (©ses 2 +z(V r op )( s )) under the vertex 
map Y op is in rL e s( Sl ,s 2 )+zCM( s ). 

2. Vacuum properties: 

(a) identity property: For any r G R+, Y op (l op ,r) = idy op , 

(b) creation property: \/u G Vop, lim r ^o Y op (u, r)l op = u. 

3. Convergence properties: 

For n G N, «i, . . . , u n , v G K p and v' G V^ p , the series 

(v 1 ',iop(iti,ri) . . . F op (it n ,r n )'i;) 

= ^ (f / ,^ p(«l,ri)P mi y p('U2,r2) . . . P m „_i^op(«n,r n )w) 
mi,...,m n _i 

converges absolutely when ri > • • • > r n > and is a restriction to the 
domain {r\ > • • • > r n > 0} of an (possibly multivalued) analytic function in 
(C x ) n with only possible singularities at r« = rj for 1 < i, j < n and i 7^ j . 

(a) For u\,U2,v G Vop, v' G V^p, the series 

{v' ,Y op (Y op (u 1 ,ro)u2,r 2 )v) = Y op (P m Y op (u 1 ,ro)u2,r 2 )v) 

m 

converges absolutely when r2 > rp > 0. 
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4. Associativity: For ui,u 2 ,v G V op and v' G V^ p , 

(v' \Y op (ui,ri)Y op (u2,r 2 )v) = (v r , Y op (Y op (ui, 7*1 - r 2 )u 2 , r 2 )u) 
for 7*1, r2 € M satisfying 7*1 > r 2 > ri — r 2 > 0. 

5. d op -bracket property: Let d op be the grading operator on V^. For u G and 

r G R + , 

[d op , F op (u, r)] = y op (d op u, r) + r—Y op (u, r). (1.12) 

6. D op -derivative property: We still use -D op to denote the natural extension of D op 
to Hom(y op , V op ). For it G V^,, Y op (u,r) as a map from M + to Hom(V^ p , y op ) is 
differentiable and 

■^-Yop(u,r) = [D op ,Y op (u,r)] = Y op (D op u,r). (1-13) 

Homomorphisms, isomorphisms, subalgebras of open-string vertex algebras are de- 
fined in the obvious way. 

We denote such algebra by (V op , Y op , l op , d op , D op ) or simply V op . For u G V op , it was 
shown in [HKol] that there is a formal vertex operator 

Yj p (u,x) = '£u n x- n -\ (1.14) 

where u n G End V^ p , so that 

3^(-u,x)|a; =f . = Y op («,r). (1.15) 

We can also replace x by complex variable z if we choose a branch cut. For any z G C x 
and ii £ 1, we define 

logz := log \z\ + argz,0 < argz < 2ir. (1-16) 

But for power functions, we distinguish two types of complex variables, z (or z%, Z2, ■ ■ ■ ) 
and z\ , C (or z i , Ci , %i , C21 ■ ■ ■ ) ■ We define 

Proposition 1.3. An open-string vertex algebra canonically gives a boundary field al- 
ira. 

Proof. The proof is standard. We omit it here. I 

Definition 1.4. An open-string vertex operator algebra is an open-string vertex algebra, 
together with a conformal element uj op , satisfying the following conditions: 

7. grading-restriction conditions: For all n G R, dim(V^ p )( n ) < 00 and (V op )^ = 
when n is sufficiently negative. 
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1. Virasoro relations: The vertex operator associated to ui op has the following expan- 
sion: 

Y op {u op ,r) = Y,L{n)r- n - 2 
where L(n) satisfying the following condition: Vm, n G Z, 



[L(m),L(n)} = (m - n)L(m + n) - -^(m 3 - m)5 m+n:0 , 



c 
12 

for some c G C. 



9. commutator formula for Virasoro operators and formal vertex operators (or com- 
ponent operators): For v G V op , Yj p (u! op ,x)v involves only finitely many negative 
powers of x and 

[Y f p (aj op ,xi),Y f p (v,x 2 )] = ReSx^S f — Y f p (Y f p (u; op ,xo)v,X2). 

10. L(0)-grading property and L(— 1)- derivative property: L(0) = d op , L(—l) = D op . 

We shall denote the open-string vertex operator algebra defined above by (V op , Y op , l op , uj op ) 
or simply V op . The complex number c in the definition is called central charge. 
The meromorphic center of V op is defined by 

C (V op ) = ju G @ n &{V op ) { n) Y/ p (u,x) G (End V op )[[x,x-% 

Y a f p (v,x)u = e xD Y f p {u,-x)v, \fv G V^J. 

It was shown in [HKol] that the meromorphic center of a grading-restricted open-string 
vertex (operator) algebra is a grading-restricted vertex (operator) algebra. 

Let U be a grading-restricted vertex (operator) algebra. If there is a monomorphism 
i op : U Co(V op ) of grading-restricted vertex (operator) algebra, we call V op an open- 
string vertex (operator) algebra over U, and denote it by (V op , Y op , L op ) or simply by V op . 
In this case, the formal vertex operator Yip is an intertwining operator of type { v Vo y ) , 
where V op is a ?7-module. 

Remark 1.5. Open-string vertex operator algebra can be viewed as a noncommutative 
generalization of vertex operator algebra. Other noncommutative generalizations of ver- 
tex (operator) algebra were also studied in the literature [FRj[B][EK][BKaJ[Ll][L2][L3j. 

1.2 Full field algebras 

Definition 1.6. A 1 x R-graded full field algebra is an R x R-graded vector space 
Vd = ®m,n&,{Vci)(m,n) (graded by left weight wt L and right weight wt R with left and 
right grading operators d L and d^), equipped with correlation-function maps 

: U n '. Z[ . Z \ . . . . . Z n , Z n ) , 

for each n G N, and operators D L and D R of weights (1,0) and (0,1) respectively, 
satisfying the following axioms: 
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1. Single-valuedness property: e 2m ( dL dR ^ = idy cr 

2. For n G Z + , m^(ui, . . . , n n ; Zi, z~\, . . . , z n , z n ) is linear in u\, . . . ,u n and smooth 
in the real and imaginary parts of Z\, . . . , z n . 

3. Identity properties: Vn G V c /, mi (n; 0,0) = n and l c ; := m^(l) G (V^)(o,o)- 

4. Convergence property: For G Z + and u\, . . . , u n , . . . , G and i = 
1, . . . , n, the series 

EH/ D ( fc )/ (*) -00 (») -W\ 

my (m, . . . , P(p, q )my («i, . . . , v fc ; *i ' > • • • > > 4 )' 

U i+ i, . . . ,U n ; Zi, Zi, . . . , Zn, Z n ) (1.18) 

converges absolutely to 

m ("+fc . . . ,W fc ,Uj + i,.. . ,Un,Z\,Z]_, . . .,Zi-i,Zi-i, 

z i + Z^ \ Zi + Z^ . . . , Zi -\- Z^\ Zi ~\~ Z^ \ Zi+l , , . . . , z n , z n ) (1.19) 

(i) 

whenever \Zp \ < \Z{ — Zj\ for all j = 1, . . . , n, i ^ j and for p = 1, . . . , k. 

5. Permutation property: For n G 7L+ and a G S n , we have 

H/ . - - \ 

m cl ■ ■ ■ i u n'i z \, Z\, . . . , z n , z n ) 

= m^(u (T ( 1 ), . . ■ , U<7( n ) ; 2«t(1) , ^(t(1) > ■ • • > Z<r(ra)>2 CT (ra)) (1.20) 

for u\, . . . ,u n G Vrf and (zi, . . . , z n ) G M£. 

6. d L and property: For «i, . . . , u n G and a G C, 

e ad £ e ad« m H ^ _ _ _ ^ ^ ^ _ _ _ ^ ^ ^) 

= m%\e adL e adR Ul , . . . , e ad V dii n n , e°zi, e s zi, . . . , e a z n , e n z n ). (1.21) 

7. Z? L and D K property: [D L , D R ] = and for m, . . . , u n G V d and a G C, 

aD 4 aD R in), - - x 

e e my(ui, . . . ,u n ;z\,zi, . . . ,z n ,z n ) 

= m£\ui, . . . ,u n ,zi + a,z± + a, . . . ,z n + a,z n + a). (1-22) 

We denote the R x R-graded full field algebra defined above by 

(V cl ,m cl ,d L ,d R ,D L ,D R ) 

or simply by V d . 

Subalgebra, homomorphism, monomorphism, epimorphism and isomorphism of full 
field algebra can be naturally defined. 
Let Y : V® 2 xC x -> V d be so that 

Y : (u <8> v, z) I— > Y(u; z, z)v := m2(n <8> u; z, z, 0, 0). (1-23) 

Then by the convergence property, it is easy to see that 

Y(l d ; z,z) = id Vcl , (1.24) 
limY(u;z,z)l d = u, Vn G V d . (1.25) 

Moreover, it is also not hard to show the following two properties of Y: 



1. The d L - and d R -bracket properties: 

d 

[d L ,Y(u;z,z)] = z— Y(u;z,z) + Y(d L u;z,z), (1.26) 
d 

\d R ,Y(u;z,z)] = z—Y(u;z,z)+Y(d R u;z,z). (1.27) 
oz 

2. The D - and D R -derivative property: 

[D L ,Y(u;z,z)] = Y{D L u;z,z) 
[D R ,Y(u;z,z)] = Y(D R u;z,z) 

It was shown in [HKo2] that we have the following expansion: 

Y(u;z,z) = Y, )r (u)e(- I - 1 > logz e(- r - 1 ) E 8* (1.30) 

r,sgR 

where Y/ r (u) G End F with w\, L Y^ r (u) = wt L u — I — 1 and wt R Y^ r (u) = wt R u — r — 1. 
Moreover, the expansion above is unique. Let x and x be independent and commuting 
formal variables. We define the formal full vertex operator Y f associated to u G V d by 

Y f (u;x,x)= ^2 Y {ir («)x"'~ 1 x" r-1 . (1.31) 

Z,rgR 

For nonzero complex numbers 2 and £, we can substitute e rlog2: and e slog ^ for x r and 
x s respectively in Yf(u;x,x) to obtain an operator 

Y an ( U ;z,C):K/x(C x ) 2 ^F ci 

called analytic full vertex operator. 

Definition 1.7. An R x M-graded full field algebra (V d ,m d ,d L ,d R ,D L ,D R ) is called 
grading-restricted if it satisfies the following grading-restriction conditions: 

1. There exists Mel such that {Vd)r m ,n) = if n < M or m < M. 

2. dim(V r c ;)( m n ) < oo for m,n G R. 

We say that V c i is lower-truncated if V^z satisfies the first grading restriction condition. 
In this case, for u G V c i and k G R, we have 

Y, )P (u) G End V d 

l+r=k 

with total weight wt u — k — 2. We denote Xlz+r=fc Yz, r (u) by Yfc_j(u). Then we have 
the expansion 

Y f (u; x,x) = J2 Mu)x~ k ~\ (1.32) 

fcgR 

where wt Yfc(it) = wt u-fe-1. For given tz, t> G v c z, we have Yk(u)w = for sufficiently 
large k. 



d 

—Y{u;z,z) 
d 



(1.28) 
(1.29) 
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Let (V l ,Y l ,1 l ,lo l ) and (V R , Y , 1 R , uj r ) be vertex operator algebras. It was 
pointed out in |HKo2] that V L <g> V R has a natural structure of full field algebra. Let 
u c l be an injective homomorphism from the full field algebra V L <g> V R to V c \. Then we 
have l d = l c1 (1 l ® 1 R ), d L o t d = t d o (L L (0) ® J v h), d fi o i d = i d o (J v z, ® L R {0))), 
D L o l c1 = i cl o (L L (— 1) (g) iyn) and D R o t d = t d o (iyx, ® L R {— 1)). Moreover, V d has 
a left conformal element i c \(oj l <8 1 R ) and an right conformal element i c i(l L ®lo r ). We 
have the following operators on V d : 

Res a: ReSxX _1 Y f(b d (uj L <8 1 R ); x, x), 
ReSa;Res s x _1 Yj-(t. d (l L <g> uj l );x, x), 
Kes x KeSxXX~ 1 Y j(l c i(uj l ® 1 R ); x, x), 
ReSa;ReSxX _1 xYj(i c ;(l L (8 uj l );x, x). 

Since these operators are operators on V d , it should be easy to distinguish them from 
those operators with the same notation but acting on V L or V . 

Definition 1.8. Let (V L , Y L , l L ,tn L ) and (V R , Y R , 1 R , u R ) be vertex operator algebras. 
A full field algebra over V L (8 V R is a grading-restricted R x M-graded full field algebra 
(V d ,m d ,d L ,d R ,D L ,D R ) equipped with an injective homomorphism t d from the full 
field algebra V L ® V H to V d such that d L = L L (0), d R = L R {0), D L = L L (-1) and 
D R = L R (—1). A full field algebra over V L ®V R equipped with left and right conformal 
elements L d (u> L ®1 R ) and i d (l L ®u> R ) is called conformal full field algebra over V L ®V R . 

We shall denote the (conformal) full field algebra over V L (8 V R defined above by 
(V c i,m c i, t d ) ° r simply by V d . From now on, we will not distinguish V with V L (8 1 R 
and L d (V L <g> Similarly for V R with 1 L (8) V R and t d (l L (8 V^). For u L G 1/ L , 

Y on (iti ,-z, C) is independent of f. So we simply denote it as Y an (u L ,z). Similarly, we 
denote Y an (u R ; z, () as Y an (u R , () for u R G V R . 

1.3 Open-closed field algebras 

Definition 1.9. An open-closed field algebra consists of a M x K-graded full field algebra 

(V cl ,m cl ,d d ,d R ,D^D R ) 

and a M-graded vector space V op with the grading operator d op and an additional oper- 
ator D op G End V op , together with a map for each pair of n, I G N: 

(ui <8 • • • ®ui (8 ui <8 • • • (8> v n , [zi, ...,Zi;r\,... ,r n )) h-> 

m d-o P ( u i' • • • ,«z;ui, • ■ • ,«n; • • -,zi,zr,ri, . . . ,r n ), 
satisfying the following axioms: 

1- m d -op(' Ul > • • • : v n, zi, zi, . . . , zi, zi;r\, . . . ,r n ) is linear in m, . . . , v n and smooth in 
ri, . . .,r n ,zi, ...,zi. 

2. Identity properties: m^^v; 0) = t;,Vu G y op and l op := m^ p (l) G (V op )( 0) . 

3. Convergence properties: 



L L (0) = 
L R (0) = 
L L (-l) = 
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(a) For m, . . . , u h ui, . . . , u k G V d , v ± , . . . , v n , v 1 , . . . , v m G V op and i = 1, . . . ,n, 
the following series 

^2 m c/-op( Ul ' ■■-,W,v\,..., Vi-i, P ni m^^ p (ui, ...,u k ; 

niGM 

(») ~W (0 ~W (») M\ 

^1) • • • i v mi *i i^i i ■ ■ ■ i ^ k i ^ k i'l i---i'm)i 

v i+1 , . . .v n ;zi,z 1 ,. . .,zi,zi;n,.. . ,r n ) (1.33) 

converges absolutely when \z s — , |r< — rj| > |^ |, > for all s = 1, . . . , I, 
t = 1, . . . , n, t ^ i, p = 1, . . . , k and q = 1, . . . , m to 

(/+fc;n+m— 1) / ~ ~ 

m c/- op ( u i> ■ ■ ■ ■ ■ ■ ,«fe;«i, • • • . 

- (0 ~ (0 Ji). 

> • • • j > Zl > Zl > • • • > z l i z l i z i i z l i ■ ■ ■ i z k i z k ' 

ri, . . .^i-un + r^,.. .,n + r$,r i+1 ,.. . ,r n ). (1.34) 

(b) For ui, . . . , ui,u\, . . . , u k G V c i, v\, . . . , v n G V op and i = 1, . . . , n, the following 
series 

E(l;n) i D (fc)/~ ~ (?) "T^T (») W\ 

m d-op( u l' • • • ' "i-l> P (ni,n 2 )"*d • • • z l , z l , ■ ■ ■ , 4 . 4 h 

ni,n2£K 

u i+1 , . . .,ui;vi, . . .v n ;zi,zi,. . .,zi,z i ;r 1 , ...,r n ) (1.35) 

converges absolutely, when \z s — Zi\,\r t — z;\ > \z p j for all s = 1, . . . , I, s ^ i, 
t = 1, . . . , n, p = 1, . . . , k, to 

d-op • • • • • • , «fc, ■■■,uf,v 1 ,... v n ; 



z lt z l: • • • i z i—li z i—l i z i i z \ i z i i z i j ■ ■ ■ 



Zi + + 4 Z) '^+i'^+i' • • • >^>^; r i' • • ■ ,r n ).(1.36) 



Permutation axiom: For u±, . . . ,ui G V c i, v±, . . . ,v n G V op and a £ Si, 
m d'-lp(. u i> ■ ■ ■ ,uf,vi,- ■ ■ ,v n ;zi,zi,. . .,zi,zi;r!,.. . ,r n ) 



Ti l v ' 



in 



^l-opiu^!), ■ ■ ■ ,u a{l y, Vl , . . . ,v n ; 

z a(l), z a(l),- ■ ■ , z a(l), z a(l);n,- ■ ■ , T n ). (1.37) 

d op — , d^— and d^-property: For ui, . . . , G V^;, ui, . . . , v n G V op and a G M, 
e adop m-c/-o P ( n i' ■ ■ ■ , u i;vi, ■ ■ ■ ^^z^Z!, . . . ,zi,zi;r!, . . . ,r n ;) 

= ^d-Jp( e0(dS+d5)ui ' • • • ' ea(dS+dS)u /; eadoPv i> ■ ■ ■ » eadop ^; 

e a zi, e°zi, . . . , e a z/, e a ^; e a n, . . . , e a r n ). (1.38) 



D op -property: For m, . . . , m G V ch vi, . . . , v n G V op and r n + a > 0, 

e aDop m^l (ui, . . . , uf, vi, . . . , v n ; zi, Zx, . . . , z h z t ; n, . . . , r n ) 



cl— op\ 
(l;n) , 

= m^'J^U!, . . . ,ui;v!, . . . ,v n ; 

zi + a, zi + a, . . . , zi + a, zi + a;r\ + a, . . . ,r n + a) . (1.39) 
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We denote such algebra by (y c uV op ,m c i- op ) for simplicity. Homomorphisms, iso- 
morphisms, subalgebras of open-closed field algebras are denned in the obvious way. 

Remark 1.10. From above definition, it is clear that an open-closed field algebra au- 
tomatically includes a boundary field algebra as a substructure. 

We discuss a few results which follow immediately from the definition. By the 
identity properties and (ll.39p . we have, for a > 0, 

m £2pfa «) = eaD ° Pm d-o P ^ °) = e aD ° Pv - ( L4 °) 
By (II .401) and the convergence property, for i = 1, . . . ,n and a £ R, we obtain 

m ci-op( Ul ' ■■■,uf,vi,..., Vi-!,e op Vi,v i+ i, ...,v n ; 



m 



zi,zi, . . .,zi,zi;n, ...,r n , 

(l;n) , (0;1) , n 



= m d-op( n i' • • • >«j; u i> • • ■,v n ;z 1 ,z 1 , ...,zi,zi 

ri, . . . ,n_i,ri + a,r i+ i, . . . ,r n ) (1.41) 

when |r,- — rj|, |^ — rj| > |o| for j ^ i and k = 1, . . . , I. By fjl.22j) and the convergence 
property, we also have, for j = 1, . . . , I and b € C, 

(I'Tl) / hD^ -l~hD^ 

m d-op( u i' • • • '%-i' e ^Uj,u j+1 ,...,ui;vi,...,v n ; 

Z!,Z!,... ,z h zr,n,... ,r n ) 

wi,.. . ,v n ;zi,zi, . . .,z h zi;n, ...,r n ) 
= m d-op( u i' ■■■,ur,vi,...,v n ;z 1 ,zi,..., 



Zj + Mj . . . ,zi,zi;ri, . . . ,r n ) (1.42) 

when \zi — Zj\, \r^ — Zj\ > \b\ for i = 1, . . . , l,i ^ j and k = 1, . . . , n. 

Let m£p := 'fn^l-op- ^ ne definition of open-closed field algebra immediately implies 
that (Yap, m op , d op , D op ) is a boundary field algebra. In particular, the map Y op defined 
in (jl.5p satisfies the equations (jl.6p . (|1.7p . (|1.8p and (|1.9j) . Similarly, we know that 
the map Y defined in ([L23D satisfies the equations (Oil) . (TL251) . OS]! . ([Q7]) . (OSD . 
(fL29jh (fL30j) and (fOTD . 

In an open-closed field algebra (V c i, V op , m c i_ op ), there is an additional vertex oper- 
ator map: 

^cl-op ■ (V d ® F op ) Xl -» F op 

(u (8) u, (2, z )) i-> Y d _op(u; 2, z>, 

defined by 

^d-o P (u; z, z)v := m^l p {u; v; z, z; 0). (1.43) 
By the convergence property, we have the following identity property: 

= m d-op( V 'i°) 

= v. (1.44) 
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Proposition 1.11. For u G V d) we have 

[d op , Y c/ _ op (u; z, z)) = Y d _ op ((d d + df t )u; z, z) 

d_ _d_ 
dz dz 



+ ( z — + ^) Y d-op(u;z,z). (1.45) 



Proof. Applying -§^\ a =o to both sides of (|1.38p when n = 1,1 = 1 and r\ = 0, we 
obtain (jl.45p immediately. I 

Proposition 1.12. For u G V d , we have 



[D op ,Y d _ op (u;z,z)} = Y d _ op ((D^ + D^u;z,z), (1.46) 

d_ 
dz 



d 

Y d ^ op (D d u;z,z) = —Y d _ op (u;z,z), (1.47) 



d 

Y d ^ op {D^u;z,z) = —Y d ^ op (u;z,z). (1.48) 

Proof. Applying ^\b=o (-§^\i=o) to both sides of (11.42P when n = 1, 1 = 1 and r\ = 0, 
we obtain (TQTD and (OS]) . 

Applying J^|a=o to both sides of (|1.39p when n = 1,1 = 1 and ri = and using 
(jl.47p and (|1.48p we obtain the first identity in (jl.46p immediately. I 

1.4 Analytic open-closed field algebras 

The notion of open-closed field algebra introduced in the last subsection is very gen- 
eral. There are not much to say about open-closed field algebras in such generality. In 
this subsection, we study those open-closed field algebras satisfying some nice analytic 
properties. In this case, the whole structure can be reconstructed from some simple 
ingredients. 

Definition 1.13. An open-closed field algebra (V d , V op , m d - op ) is called analytic if it 
satisfies the following conditions: 

1 . Y c /_ op can be extended to a map V d <g> V op x EI x H — > Vop such that for z G M, ( G H 

Y d - op (u; z, z) = Y d - op (u; z, C)k=z- (IA9) 

2. For n G N, v\, ■ ■ ■ , v n+ \ G V op , v' G (V op )' and u\, ■ ■ ■ , u n G V d , the series 

(v', Y d ^ op (ui, zi,(i)Yo P (vi,ri) ■■■Y d 

is absolutely convergent when \z%\, |£i| > r\ > ■ ■ ■ > \z n \,\( n \ > r n > and can be 
extended to a (possibly multivalued) analytic function on 

{(z 1 ,( 1 ,r 1 ,...,z n ,( n ,r n ) G M^ n }. 

3. For n G N, v', u%, . . . , u n+ \ G V d , the series 

(v', Y an (uf, z\, Ci) • • • Y an (n n ; z n , Cn)u n +i) 

is absolutely convergent when \z\\ > ■ • • > \z n \ > and \Ci\ > • ■ ■ > \( n \ > and 
can be extended to an analytic function on M^ 1 . 
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4. For v' G V^ p , v\,v 2 G V op , u G Vd, the series 

(«', F op (Y d _ op («; z, C)vi,r)v 2 ) 
is absolutely convergent when r>|z|,|("|>0. 

5. For v' G V£p,v G V op ,ui,U2 G V c /, the series 

(«', Yd-op(Y an («i; zi, &)ur,z 2 , ( 2 )v), 
converges absolutely when \z 2 \ > \z\\ > 0, \( 2 \ > |Ci| > an d \ z i\ + |Cl| < l z 2 — C2 [ - 

By the convergence properties of open-closed field algebra, fn^ 7 ^ can be expressed 

as products of Y c /_ op , Y op on a dense subdomain of x A n . rn d ^ op on the complement 
of this dense subdomain is completely determined by analytic extension. Therefore, 
m d-op> n e ^ are completely determined by l op , Y" op and Y c z_ op . Similarly, m^\n G N 
is completely determined by l c ; and Y an . Therefore, we also denote an analytic open- 
closed conformal field algebra by 

{.{Ycli Y an , l c ;), (V op , Y op , lop)) Y c £__ p). 

or (Vd,V op ,Y d -op) for simplicity. 

Two immediate consequences of the definition of analytic open-closed field algebra 
are given in the following two Lemmas. 

Lemma 1.14. D op -bracket properties: u G Vd, we have 



[D op ,Y d - op (u; z, C)] = Y d _ op ((^ + D*)u; z, (), 

dz 



d 

^d-op(D d u;z,Q = —Y c i-op(u;z,(), 



Y d _ op (D%u;z,0 = ^Y d _ op ( U: :.,). (I.r,()) 



Proof. By (T06j) , ([L4Tj) and ([OBJ) , for any fixed z G H, all three identities holds 
when C = z. Replacing u by (D^) k u for any A; G N in f|1.46j) . (|1.47[) and (|1.48[) . we 
obtained that all derivatives (^-) fc |^ =f , V/c G N of both sides of above three identities 
equal respectively. By the property of analytic function and the fact that EI is a simply 
connected domain, we obtain that both sides of above three identities, viewed as analytic 
functions for a fixed z G EI and any must equal respectively. I 

Lemma 1.15. d op -bracket properties : u G Vd, we have 



[d op , Y d -op(u; z, C)] = Y d _ op ((d^ + d d )u; z, () 

— + c— 

dz d( 



+ [ z — + ^) Y ci-op(u;z,()- (1.51) 



Proof. The proof is the same as that of Lemma 11.141 I 
An analytic open-closed field algebra (Vd, V op ,Y d- p) satisfies two associativities and 
two commutativities. These properties are very important for categorical formulation. 
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Proposition 1.16 (Associativity I). Foru G V c i,vi,v 2 G V op ,v' G V and z G H, ( G H, 

we /iaue 



(w',Y d _ op (n;z, C)y op (wi,r)f 2 ) = (t/, y op (Y c j_ op (w; 2 - r, ( - r)v±, r)v 2 ) (1.52) 
when \z\, \(\ > r > and r > \r — z\, |r — £| > 0. 

Proof. We abbreviate the "left (right) hand side" as "LHS (RHS)" . For z G H, 



LHS of (fL52D 

when \z\ > r > 0, and 

RHS of (fL52l) \ (=2 



C=2 



771 



(i;i) 

cl—op^ 



(u;m < $(v 1 ,v 2 ;r,0);z, z;0) 



;i.53) 



(0;2) / (1;1) , - n\ n\ 

m ci-op\ m ci-op\ u i v ^ z ~ r i z ~ r ;°)^2;r,0) 



CM 2 ) c - 



;i.54) 



when r > |r — z| > 0. Therefore (ll.52|) holds when C = z and \z\ > r > r — z| > 0, z G EI. 
Now replace it in (jl.52p by (D^;) k u, k G N, we obtain: 



3 fc 



LHS of (fL52D 



C=2 



RHS of (fL52D 



(1.55) 



when z G EI and \z\ > r > |r — z\ > 0. Then by the properties of analytic function, it is 
clear that (|1.52jl holds for all z G H, C G H and |z|, |C| > r > and r > \r — z\, \r-(\ > 0. 



Proposition 1.17 (Associativity II). For u\, u 2 G V c i,vi,V2 G V op ,v' G and z\,z 2 G 
H, Ci ; C2 G EI, we have 

(w^Ya-op^D zi, Ci)Y d _ op (u 2 ; z 2 , (2)^2) 

= (w', Y c ;_ op (Y an (ui; zi - z 2 ,Ci - (2)^2^2X2)^2) (1-56) 

when \zi\, |d| > \z 2 \, \( 2 \ and \z 2 \ > \z\ - z 2 \ > 0, \( 2 \ > |Ci — C2I > and \z 2 - ( 2 \ > 
\z\ - z 2 \ + |Ci - C2I - 



Proof. The proof is similar to that of (|1.52[) . So we will only sketch the difference 
here. First, it is easy to show that (jl.56p is true for Z{ G H, Q = Zi, i = 1, 2 in a proper 
domain. Then replacing u\,u 2 by (D^) p ui, (D^) q u 2 for p, q G N and using (|1.29p and 
(jl.50p . we obtain that 



dP d q 

LHS of $m> = 

Ci=Zi OL <l 0i >2 



RHS of (TL56D 



11-57) 



Ci — %i 



in a proper domain. By the property of analytic function again, the analytic extension 
of both sides of (jl.56p to the following simply connected domain 

D = {(zi,Ci,^,C2)|^GH,CiGiI,|zi|,|Cl| > N,|C 2 |} 

must be identical. Moreover, the additional restrictions of domain in the statement of 
Associativity II guarantee the absolute convergence of both sides of (jl.56p . I 
For an analytic open-closed field algebra, the map Y c ;_ op can be uniquely extended 
to V c i ® V op x R where 

R : = {( z , C) G C 2 \z G EI U M+, ( G M U R+, z / (}. 
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Proposition 1.18 (Commutativity I). For u G V c i,vi,V2 G V op and v' G V^ p , 

(v', Y d _ op (tt; z, ()Yop(vi,r)v 2 }, (1.58) 

which is absolutely convergent when z > £ > r > (recall Definition \l.lc!\) . and 

(v, Y op (vi, r)Y d _ op (u; z, ()v 2 ), (1.59) 



which is absolutely convergent when r > z > C > [recall Definition ] 1.1!^) . are analytic 
continuation of each other along the following path □. 




(1.60) 

Proof. When z £ M, ( = z and \z\ > r > 0, (jl.58p is absolutely convergent to 
m d '_Q P (u;vi,V2; z, z;r,0). Hence, if we analytic extend the analytic function (jl.58p to 

D 1 :={(*, C)l* eM,C = z,\z\ =r}, 

then its value on D\ must equal to m cl _ op {u-, v±, V2; z, z; r, 0) when z G H, \ z\ = r by the 
continuity of fn^_ . 

Similarly, the unique extension of (jl.59p from r > \z\, \Q > to D\ also equal to 



m 



(i;2) 

cl—op 



(u; vi, V2] z, z; r, 0) when z G 



r. 



Both (jl.58p and (jl.59p can be uniquely extended to two analytic functions on EI x EI . 
By the discussion above, these two extended analytic functions of (z, C) take the same 
value on D\ which is of lower dimension. 

Now we replace u by (D d ) m (D d ) n u, m, n G N and repeat the arguments in the proof 
of Proposition 11.161 We obtain that all the derivatives of the two extended analytic 
functions also match on D\. By the properties of analytic functions, these two extended 
functions are identical on EI x EI. Then their extensions to (z, C) G R\{z = r, or, C = r } 
are also identical. Thus we have proved the first commutativity. I 

Proposition 1.19 (Commutativity II). For u±,U2 G V c i,v G V op and v' G V' op , 

(v',Y d _ op (u 1 ;z 1 ,(iWci~o P (u2; 22, (2)^}, (1.61) 

which is absolutely convergent when z\ > £1 > Z2 > C2 > 0, and 

(v', Y d _op(ii 2 ; z 2 , ( 2 )Y c i- op (ur,zi,(i)v), (1.62) 

which is absolutely convergent when z 2 > £2 > z i > Ci > 0? are analytic continuation of 
each other along the following paths. 




1 *q 




? 



11-63) 



2 The extended domain R\{z = r, or, £ = r} is simply connected for fixed r > 0, all possible paths of 
analytic continuation are homotopically equivalent. 
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Proof. Commutativity II follows directly from the Associativity II (|1.56p and the 
skew-symmetry of the full field algebra V d |HKo2| . Here, we give a more direct proof 
which is similar to that of Proposition 11.181 The unique extension of (|1.61|) from 
kU&l > NJC2I > to 

D 2 ■= {(zi,(i,z 2 X2)\zi,z 2 G Mh, |«i I = \z2\Xi = Zi,i= 1,2} 

equal to m d _ op {ui,u 2 ]V] z\,z\, z 2 ,z 2 -,{)), the unique extension of (jl.62p from \z 2 \, IC2I > 

\z\ |, \C\ I > to D2 also match with m cl '_ {ui, U2; v; z\, z\, z 2 , z 2 \ 0). By the similar argu- 
ment as the proof of the first commutativity, we see that (jl.6ip in \z\\, > \z 2 \, IC2I > 
and (jl.6ip in |^2 1 , IC2I > |Cl| > are analytic continuation of each other along the 
following paths. 




C 2 Ci 



,1 

"C2 ^Ci 

(1.64) 

Then it is obvious to see that the unique extension of both (11.61H and (11.62P to the 
subdomain of {(z%, Ci, z 2 , C2) G where z±, Ci, Z2, (2 have distinct values, are analytic 
extension of each other along the paths (11.63p . I 

1.5 Open-closed field algebras over U 

We gradually add more structures on an analytic open-closed field algebra. At the end 
of this process, we will arrive at a notion called open-closed field algebra over a vertex 
operator algebra U. Let (V l ,Y v l,1 l ) and (V r ,Y v r,1 r ) be two vertex algebras. We 
now consider an analytic open-closed field algebra (V d , V op ,Y d _ op ) such that V d is a full 
field algebra over V L ® V R . For such full field algebra V d , we will not distinguish V L 
with V L ® 1 R C V d and V R with 1 L <g> V R C V d . 

Lemma 1.20. For u L G V L and u R G V R , Y d - op (u L ; z, £) is independent of ( and 
Y d ~op{u R ; z, C) is independent of z. 

Proof. For u L G V L ,w G V op ,w' G {V op )' ', using the associativity (11.56p . we have 

(w', Y d ^ op (u L \z,C)w) = (w',Y d _ op (u L ;z,()Y c i- op (l c r,z 1 Xi)'w) 

= (w',Y d _ op (Y an (u L ;z - z 1 ,( - Ci)lci;z 1 ,Ci)w) (1.65) 

when \z\\ > \z — Z\\ > 0, £1 > |C ~~ Ci| > and \z — z±\ + |£ — Ci| < \ z i — Ci|- The 
right hand side of (jl.65p is independent of £ and the left hand side of (11.65P is analytic 
in (. Hence Y d _ op (u L ; z, C) is independent of C for all z G EL Similarly, Y d ^ op (u R ; z, () 
is independent of z for all £ G H and u R G V R . I 

In order to emphasis these Q- or z-independence properties, we denote them simply 
as Y d _ op (u L ,z) and Y d _ op (u R X) for u L G V L and u R G V R respectively. 

Replace u in (|1.5ip by u L G V and u R G V R respectively, we obtain 

d 

[dap, Y d _ op (u L , z)} = Y d _ op (d^u L , z) + z—Y cl ^ op (u L , z), 
[d op ,Y d _ op (u R ,()] = Y d „ op (d R u R ,()+(-^Y d _ op ( U R ,C). (1.66) 
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As a consequence, we have 

Y d _ op (u L ,z) = Y, U nZ~ n ~\ 

Y d ^ op (u R ,0 = J>*r n -\ (1-67) 
where u^,u R G End V op and wt = wt L u L — n — 1 and wt u R = wt fi u fi — n — 1, and 

z n = e nlogz and £n = e nI^C . 

Moreover, we have 

[£> op ,Y d _ op (u L ,z)] = Y c ,_o P (£>5« x ) «) = ^Y cl . op (u L ,z), (1.68) 
[IV 0] = Y d _ op ( J D^,C) = ^Y d _ op (^ ) C) I 

which further implies that 

e aD °vY cl _ op (u L ,z)e- aD °v = Y cl _ op (u L , z + a) 
e aD °vY d _ op (u L ,()e- aDop = Y cl _ op (u R ,( + a) (1.69) 

for \z\ > \a\, z + a G H and |£| > |a|, £ + a € HI respectively. 

Lemma 1.21. For any u L G V L <S> 1^ and u R G 1 L <8> V R , the following two limits: 
lim Y d _ op (u L , z)lop, lim Y d _ Ju R , ()l op 

z->0 f^O 

exist in V op . 

Proof. By the associativity and the creation property of open-string vertex algebra, 
we have 

Y d _ op (u L ,z + r)l op = Y d ^ op (u L ,z + r)Y op (l op ,r)l op 

— ^ / op(Y c ;_ p(u ,z)l p,r)l p 

= e rD °"Y cl _ op (u,z)l op (1.70) 

when \z + r\ > r > \z\ > 0. For fixed z£i, the left hand side of (jl.70p is an analytic 
function valued in V op on the domain {r G C|z + r ^ 0}. The right hand side of (jl.70p . as 
a power series of r, is absolutely convergent when \r\ > \z\ > 0. By the general property 
of power series, the right hand side of (|1.70j) is absolutely convergent for all r G C to 
a singlevalued analytic function. Because both sides of (I1.70P are analytic functions, 
the equality (jl.70p must hold for all r G C. In particular, lim r ^_ 2 Y d _ op (u L , z + r)l op 
exists. Equivalently, lirn^o Y d - op (u L , z)l op exists. By the expansion (|1.67j) . we must 
have 

V'n^-op — for all n > 1. Moreover, it is also easy to see that u n \ op = for any 
n $l — Z + by (11. 68ft (see the proof of Proposition 1.8 in |HKolj ). Therefore, we have 

lim Y d _ op (u L ,z)l op = u^lop G V op . 
The proof of the existence of the second limit is entirely the same. I 
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By the Lemma above, we can define two maps h : V L — ► V op and h R : V R — » V op 
as follows: for all u L G 1/ L and u R G V-^, 

h L :u L ^ lim Y d _ op (u L , z)l op , 

h R :u R ^ EmYc^^.OV (1-71) 

Notice also that h L ,h R preserve the weights. Namely 

wt /i L (-u L ) = wt (u^lop) = wt L u L , 
wt h R (u R ) = wt (u^ilop) = wt R u R . 

Therefore both h and h R can be naturally extended to maps V L — > Vo P and — » Vo P . 
We still denote the extended maps as /i L and h R respectively. 

Lemma 1.22. For u L G V L ,u R G V R , we have 

Y c/ _ op (u L ,z)l op = e zD °*h L {u L ), 

Y d _ op (u R ,()l op = e< D °*h R (u R ). (1.72) 

Proof. Since we have shown that (|l,70p holds for all r G C, z G H and both sides of 
(jl.70p are analytic for all r, z G C, if we take the limit lim^o ° n both sides of (jl.70p . 
the equality should still hold. Thus we obtain the first identity in (|1.72|) . 

The proof of the second identity is entirely the same. I 

Proposition 1.23. h L and h R are homomorphisms from V L and V R respectively to 
their images, viewed as graded vertex algebras. 

Proof. We have shown that h L , h R preserve gradings. By the identity property of 
open-closed field algebra, we have 

h {Id) = lop- 
Next, for u L G V L and r > 0, we define 

^d~o P (u L ,r)w : = lim Y d _ op (u L , z)w 
z— >r 

= lim Y d _ op (u L ,z)Y op (l op ,r)w (1.73) 
z—*r 

where the limit is taken along a path from a fixed initial point in EI to r > 0. Since 
^ ci-op( uL '■> z ) w is analytic in C x , the limit is independent of the path we choose. So we 
choose a path in the domain {z G H||z| > r > \z — r\ > 0}. In this domain, we can 
apply the associativity (jl.52p to the right hand side of (|1.73j) . We obtain 

^d-o P (u L ,r)w = lim Y op (Y d -op{u L , z - r)l op ,r)w 
= Y op (h L (u L ),r)w. 

For \z\ > r > 0, by (jl.72p . we have, 

Y c ^ op (Y(u L ;r,r)v L ,z)l op = e zD ^h L {Y(u L ;r,r)v L ), (1.74) 
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the right hand side of which is absolutely convergent for all z G C. And both sides are 
analytic in z. Therefore Y c ^_ op (Y(n L ; r, r)v L , z)\ op is absolutely convergent for all z G C 
and (|1.74j) holds for all z G C. By the associativity, we have 

Y d _ op (Y(u L ; r, r)v L , z)l op = Y d „ op (u L , r + z)Y cl _ op (v L , z)l op (1.75) 

for |r + z\ > \z\ > r > 0. Again both sides of (jl.75p are analytic in z. Hence the left 
hand side of (11,751) defined for all z G C is the analytic extension of the right hand side 
of (jl.75p . which is defined on {|r + z| > \z\}. Since the extension is free of singularity 
on entire C, the right hand side of (jl.75p must be well-defined on entire C. Therefore, 
we must have 

lim Y d _ op (Y(u L ,r)v L ,z)l op = lim Y d _ op (u L , r + z)Y c ^ op (v L , z)l op . (1.76) 

Combining above results, we have 

h L (Y(u L ,r)v L ) = lime zDop h L (Y(u L ,r)v L ) 

= limY c ^ op {Y(u L ,r)v L ,z)l op 

= lim Y d _ op (u L ,r + z)Y d _ op (v L , z)l op 

= Y c ^ op (u L ,r)h L (v L ) 
= Y op (h L (u L ),r)h L (v L ). 

Thus h L is a vertex algebra homomorphism. The proof for h R is entirely the same. I 
Let (U, Y, 1,uj) be a vertex operator algebra with central charge c. U and U ®U 
naturally give an analytic open-closed field algebra, in which Y d ^ op (-; z, ()• is given by 

— op{ u ® v'i z i C) w — Y(u, z)Y(v, Ow, \z\ > |£| > 0, 

= Y(v,()Y(u,z)w, |C|>k|>0 (1.77) 

for u,v,w G U. In this case, h L : u (g> 1 i— > u and h R : 1 (g) u i— > u. We denote this 
open-closed field algebra as (U ®U,U). 

In general, let p L ,p R G Aut(U) where Aut(C/) is the set of automorphisms of U as 
vertex operator algebra. We can obtain a new action of U (8) U on U by composing 
(jl.77p with the automorphism p L (£> p R : U ® U — > U <S> t7. Namely, there exists another 
open-closed field algebra structure on U and U <g> U, in which Y d _ op (u <g> v; z, ()w, for 
u,v,w G U, is given by 

Y(p L (u), z)Y(p R (v),()w, for \z\ > \(\ > 0, 
Y{p R {v),C)Y(p L (u),z)w, for |C| > \z\ > 0. (1.78) 

In this case, h L : u ® 1 i— > p L (u) and h R : 1 <8> u i— > p R {u). We denote such open-closed 
field algebra as (U <8> U, U, p L ,p R ). In particular, (U ® U, U, idu, id[/) is just (U ®U,U). 

Remark 1.24. (U <g> U,U, p , p R ) for general automorphisms p L and p R is very inter- 
esting in physics. But it adds some technical subtleties in later formulations. So we 
postpone its study to future publications. In this work, we focus on (U <g>U,U). 
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Definition 1.25. Let (U,Y,l,u) be a vertex operator algebra. An open-closed field 
algebra over U is an analytic open-closed field algebra 

((Yd 

where (V c i,m c i, t c ;) is a conformal full field algebra over U ®U and (V^ p , Yo P , t op ) is an 
open-string vertex operator algebra over [/, satisfying the following conditions: 

1. U -invariant boundary condition: h L = h R = i op . 

2. Chirality splitting property: \fu G 14;, u = u ® u R G W-^ (g) C 14; for some 
[/-modules W L ,W R . There exist [/-modules W\,W2 and intertwining operators 
yW.yW^.yU of type (^), (^J , (^), (^J respectively such 
that 

(w', Y d _ op (u; z, ()w) = (w', (u L , z)y® (u R , Qw) (1.79) 
when \z\ > |£| > (recall the convention (|1.16p and (|1.17p ). and 

(w', Y d „ op (u; z, ()w) = («/, y( 3 ) (u R , C)^ (4) (u L , z)w) (1.80) 

when |£| > \z\ > for all u G V c i,w G V op ,w' G y op . 

In the case that U is generated by u, i.e. [/ = (to), the (u;)-invariant boundary 
condition is simply called conformal invariant boundary condition. We also call open- 
closed field algebra over (uj) open-closed conformal field algebra. 

Remark 1.26. The [/-invariant boundary condition actually says that the open-closed 
field algebra over U contains (U <S> U, U) as a subalgebra. If we only want to construct 
algebras over Swiss-cheese partial operad, the [/-invariant boundary condition in Defi- 
nition 11.251 can be weaken to the conformal invariant boundary condition: 

h L \(ui) = h = top (1-81) 

These situations appear in physics in the study of the so-called symmetry breaking 
boundary conditions (see for example |FS1| |FS2| and references therein) . All examples 
studied in this work and [K3j satisfy the [/-invariant boundary condition. We leave the 
study of general symmetry-broken situations to the future. 

Remark 1.27. The chirality splitting property is a very natural condition because the 
interior sewing operation of S c is defined by a double sewing operation as given in (|2.25p . 
Unfortunately, we do not know whether this chirality splitting property is necessary for 
general constructions of algebras over & c . 

For an open-closed field algebra over V, there are three Virasoro elements, ui op := 
Lop(u) and uj L := l c i(lo 1) and lu r := l c i{1 £3 u), and we have 

Y op (u op ,r) = ^L(n)r- n - 2 , 

nSZ 

3 It was proved in |HKol| that V op is a [/-modules, and in HKo2] that V c i is a U ® (/-modules. 
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where L L (n) = L{n) (g) 1 and L R {n) = 1 <S> L(n) for n G Z. 

When U = V a vertex operator algebra satisfying the conditions in Theorem 10. 1\ we 
have a very simple description of open-closed field algebra over V given in the following 
Theorem. 

Theorem 1.28. An open- closed field algebra overV is equivalent to the following struc- 
ture: (V op , Y op , i op ) an open-string vertex operator algebra over V and (V^/, m c ;, t c /) a 
conformal full field algebra over V (g> V, together with a vertex map Y c ;_ op (-; z, ()■ given 
by intertwining operators y^ l \i = 1,2,3,4 as in and hl.80\) . satisfying the unit 

property: 

Y cl „ op (l cl ;z,z)v:=y( 1 \l,z)yW(l,z)v = v, Vt> G V op , (1.82) 
Associativity I (1.5^1 . Associativity II $1.56\) and Commutativity I given in Proposition 

E23 

Proof. It is clear that an open-closed field algebra over V gives the data and prop- 
erties included in the statement of the Theorem. We only need to show that such data is 
sufficient to reconstruct an open-closed field algebra over V. Moreover, such open-closed 
field algebra over V with the given data is unique. 

Since V satisfies the condition in Theorem 10. 1\ the conditions listed in the Definition 
11.131 are all automatically satisfied. In particular, for vi G V op , u% G V c i,i = 1, . . . , n and 
v' G Vo p , the following series: 

(v ^d^opim; z t , (^Yopivx^t) ■ ■ ■Y c i- p{u n ]z n Xn)Y p{v ni r n )l p). (1.83) 

is absolutely convergent when z\ > Ci > r i > ' ' • > z n > Cn > r n > 0, and can 
be extended by analytic continuation to a multi-valued analytic function for variables 
Zi,(i ^ C x ,i = l,...,n with possible singularities only when two of Zi, Cj,^k are equal. 
Using this property of (|1.83[) . we can define a non-analytic but single- valued smooth 
function in A™ x as follows. 

Let (n, . . . , r n ) € A" and (£i, . . . , £„) G M|J, n G Z+. Let 71 be a smooth path from 
(3n,3(n - 1), . . . , 1) to (£1, ...,£„) such that 7 i((0, 1)) C M|. Let 7o : [0, 1] -> M.+ be 
so that 

7b(t) = ((1 - t)(3n - 1) + t3n, . . . , (1 - t)2 + t3). 

Clearly, 70 is the straight line from (3ra — 1, 3(n — 1) — 1, . . . , 2) to (3n, 3(n — 1), . . . , 3) 
in M™. Then we define a path 72 : [0,1] 6 (EU IR + ) n to be the composition 72 = 
jl o 70 where 71 is the complex conjugation of 71. It is clear that 72 is a path from 
(3n - 1, 3(n - 1) - 1, . . . , 2) to (£1, . . . , £ n ). Let 73 : [0, 1] be so that 

l3 (t) = ((1 - i)(3n - 2) + tn, . . . , (1 - i)l + tr„). 

So 73 is the straight line from (3n — 2, 3(n — 1) — 2, . . . , 1) to (77, . . . , r n ) G A n . 

Combining 71,72,73, we obtain a path 7 in C 3n from the initial point (3n,3n — 
1, 3n — 2, . . . , 3, 2, 1) G M+ n to the final point (Ci, Ci> r l> • • • j Cn,Cn,r n ) in the obvious way. 

Then we define 

{v\m-^} p {u u ...,u n ,v 1 ,.. -,v n ;Ci,Ci, ■ ■ -,€n,£n,ri, ■ ■ -,r n )) 

to be the value obtained from the value of (jl.83p at the initial point (3re, 3re — l,3n — 
2, . . . , 3, 2, 1) by analytic continuation along the path 7. Following a similar argument 
as in the proof of Theorem 2.11 in [HKo2]. it is easy to show, that such defined 

m d-o\( u ^ ■■■,u n ;v 1 ,.. .,v n ;£i,£i, . . .,£n,£n,n, ■ ■ -,r n ), (1.84) 
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is independent of the choice of 71 and its initial points. Moreover, such defined (|1.84|) 
is single- valued and smooth in M x HI. 
For n > / > 0, we define 

m ci-o P ( u ii ■■■,ui;vi,.. • ,u n ;£i,£i, . . . ,6,&;ri,. . . ,r n ), 
'■= m d-o P ( u i> --i u ii x ch ■ ■ -Ad]vi, ■ ■ ■ ,v n ;Zi,£i, . . .,(ni^n,ri, . . . ,r n ), 
and for / > n > 0, we define 

m^ op {vi, . . . , v t ; wt, . . . , w n ; £1, £1, . . . , £j; ri, . . . , r n ), 

:= m d- op ('"i>-- • • • ,v n , lop, . . . , i op ;£i,£i, . . . ■ ■ -,n), (1.85) 

and for n = I = 0, we define "^^^(l) = lop £ Vop- 

Immediately following from the construction of Tn^'_ , we have, for all v G V op , 

m d-o P ( u ; °) = ^-Lf 1 ^ ^; z ; °) = Y d- op (id; z, z)v = v. 



Now we show the permutation axiom for rn^™ ' . This is enough to just consider 
adjacent permutations (ii + 1), % = 1, — 1 because they generate the whole permu- 
tation group. We can just consider (12) because all the other cases are exactly the same. 
This is amount to show that 

m d-lp( v i' u 2, ...,vi;w!,.. . ,™ n ;£i,£i,£2,£2, •■ • • • ■ ,r n ), 

= m d- p( u 2,^i, ...,vi;wi,.. . ,w n ;6,6,£l,£i, • • - ,6,6;ri, . . . ,r n ). (1.86) 

By our construction, the only difference of the two sides of (|1.86[) is that they are 
obtained by analytic continuation along paths with different initial points. The initial 
points of the path for the left hand side of (|1.86|) is z\ > (1 > n > Z2 > C2 > ^2 > • • • , 
that for the right hand side of (jl.86p is Z2 > C2 > ?~i > z\ > Ci > r 2 > • • • • But by the 
commutativity, the value of (jl.83p at these two initial points are analytic continuation 
of each other along the paths given in the commutativity axiom of open-closed field 
algebra. Hence the equality (ll.86|) follows. 

( (jl.38p and (|1.39p ) can be proved by first proving similar properties of (jl.83p . which 
is obvious by the properties of intertwining operators. Then those properties (I1.38P and 
(ll.39p of fn^'^ follow from analytic continuations. 

Since yw,i = 1, 2, 3, 4 are intertwining operators of V, we have, for u G V, 

h L (u) = lim Y c i_ op (u,z)l p 

z— >0 

= lim lim yW(Y(u, Zl )l,z)y < 2 )(M) iop (l) 

z->0zi-+0 

= lim lim n Y Vop (u,z + z 1 )y^(l,z)y^(l,z)i op (l) 

z— >0zi— *0 

= lim lim Y v ■ (u, z + zi)Y c z_ op (l c z; z, z)i op (l) 

2:^021— +0 

= lim lim Y v ■ (u, z + zi)i op (l) 

z— >0zi-+0 

= lim lim L op (Y(u, z + z\)l) 
2^0 21^0 

= iop{u). (1.87) 
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Similarly, one can show that h R (u) = i op {u),\/u £ V. Thus we have proved the V- 
invariant boundary condition h L = h R = i op . 

It remains to show the convergence properties of open-closed field algebra. For the 
first convergence property ( (jl.33|) and (|1.34J1 ). one first consider cases when Zj\ r p \j = 
1, . . . , k,p = 1, . . . , m in (|1 .33|) have distinct absolute values and Zj,r p , j = 1, . . . , l,p = 
1, . . . ,n in (jl.33p have distinct absolute values. In these cases, one can express wi^L 

and rn^f^ as products of Y c ;_ op and Y op . Then by using the associativity (|1.52p and 
that of open-string vertex operator algebra, it is easy to show that (jl.33p converges 
absolutely to (|1.34p in the required domain. 

The rest cases can all be reduced to above cases by using (|1.39p (see the proof of 
Theorem 2.11 in |HKo2| for reference). More precisely, for zf\ . . . , z[ i , Z\,...,Z\ £l; 

rf^ > • • • > r„ > 0, r\ > ■ ■ ■ > r n > C0, there always exists a E R+ small enough so 
that both of the following sets 

{zf+a,...,zf+a,rf+a,...,rf + a}, 
{zi-a,...,zi-a,n-a,...,r n -a} 

are sets whose elements have distinct absolute values. Then (|l,33p equals to the following 
iterate series: 

\ " \ " (l;n) I D -aD ovr > (m;k),~ 

2^ 2^ m cl~op\ u ^ Vi-i, P m e op P ni m y cl _ ' p {ui, ...,u k ; 

n,2 ni 

v 1 ,...,v m ;z\' +a,z{' + a, ...,z\' +a,z y k ' +a;r\' + a, ...,r^ +a), 
v i+ i,. ..v n ;zi,zi, . . .,zi,zr,n, . . . ^a" 1 ^ 2 (1-88) 

when ai = a<i = 1. Hence we first switch the order of above iterate sum. Then using 
(|1.4ip and the analytic extension properties of (|1.83p , we can easily show that the iterate 
series (]1 .88|) with opposite summing order is absolutely convergent when 1 > |ai|, | a,2 1 . 
Then we can switch the order of iterate sum in (jl.88p freely without changing the value 
of the double sum (jl.88p . By (jl.4ip . we have reduced all the remaining cases to the 
previous cases. 

The proof of the second convergence property ( (|1.35p and (|1.36p ) is entirely the same 
except that one use the associativity (|1.56p and (|1.42p . We omit the details. 

It is also clear that such open-closed field algebra over V is unique because products 
of Y c ;_ op and Y op determine a dense subset of the set of all cases. The rest cases are 
uniquely determined by continuity. I 

2 Operadic formulation 

In this section, we first review the notion of 2-colored partial operad and algebra over it. 
Then we recall the notion of Swiss-cheese partial operad ©, its relation to sphere partial 
operad K and its C-extension S c [HKolj . In the end, we prove that an open-closed field 
algebra over V canonically gives an algebra over & c . 

If r„ = 0, we can further introduce another small real variable b, using 09)) to 1T10V6 Tn — to 
some r' n > 0. We omit the detail. 
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2.1 2-colored partial operads 

We recall the notion of 2-colored (partial) operad [V]|Kt| and algebras over it. The 
2-colored operad is called relative operad in [V] and colored operad in [Ktj . 

We first recall some basic notions from [H4] . The notion of (partial) operad can be 
defined in any symmetric monoidal category [MSS]. In this work, we only work in the 
category of sets. We will use the definition of (partial) operad given in |H4| . We denote 
a (partial) operad as a triple (V, I-p, 77?), where V = {V(n)} ne ^ is a family of sets, Ip 
the identity element and 7-p the substitution map. Note that the definition of (partial) 
operad in [H4] is slightly different from that in [MSS] for the appearance of V(0) which is 
very important for the study of conformal field theory. If a triple (V, I-p^-p) satisfies all 
the axioms of a (partial) operad except the associativity of 773, then it is called (partial) 
nonassociative operad. 

We consider an important example of partial nonassociative operad. Let U = 
®ne.jU( n ) De a vector space graded by an index set J and Ejj = {Erj(n)} n ^ a family 
of vector spaces, where 

Eu(n) = Kom c (U® n ,U). 

For k,ni, . . . ,n k G N, / G Ejj{k),gi e Eu(rii),i = l,...,k and Vj G U,j = 1, . . . ,m + 
1- n k , 

lEuif-,91,-- -,9k){vi ® v ni+ ... +nk ) 

si,...,s k eJ 

®P Sk g k (v ni+ ... +rik _ 1+ i ® • • • (g) v ni+ ... +nk )) (2.1) 

is well-defined if the sum is countable and absolutely convergent. 7^ is not associative 
in general because an iterate series may converge in both order but may not converge 
to the same value. It is clear that (Eu,idu, r yE u ) is a partial nonassociative operad. 
We sometimes denote it simply as Ejj. If J is the set of equivalence classes of irre- 
ducible modules over a group G and Ui n ) is a direct sum of irreducible G-modules of 
the equivalence class n G J, we denote this partial nonassociative operad as Ejj. 

Definition 2.1. An algebra over a partial operad (V , I-p , j-p) , or simply a "P-algebra, is 
a graded vector space U, together with a partial nonassociative operad homomorphism 
v : V -» Ejj. 

Definition 2.2. Given a partial operad (V, I-p, 7^), a subset G of V{\) is called resettling 
group for V if 

1. For any n G N, Fj G G,i = 0, ...,n and P G P(n), 7p(P; Pi, . . . , P n ) and 
■jp(Pq;P) are well-defined. 

2. Ip £ G and G together with the identity Ip and multiplication map 
is a group. 

Definition 2.3. A partial operad (V, Ip,^p) is called G-rescalable, if for P, £ V(rii),i = 
1, . . . ,k and Po G P(&), then there exists ^ G G, i = 1, . . . , k such that 

lr(iv(Po;gi,- ■ ■ ,9k); Pi, ■••,P&) 

is well-defined. 
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Definition 2.4. An algebra over a G-rescalable partial operad (V, I-p, 777), or a G- 
rescalable V '-algebra, consists of a completely reducible G-modules U = © ne jC/(„), where 
J is the set of equivalence classes of irreducible G-modules and is a direct sum of 
irreducible G-modules of the equivalence class n, and a partial nonassociative operad 
homomorphism v : V — > Ejj such that v : G — > End ?/(„) coincides with G-module 
structure on ?7( n ). 

We denote such algebra as (U,u). 

For m G Z + , let m = m\ + • • • + m n be an ordered partition and a G S n . The block 
permutation C( mij ... jm „) G S m is the permutation acting on {l,...,m} by permuting 
n intervals of lengths mi, . . . , m n in the same way that <r permute 1, . . . , n. Let <jj G 
S mi ,i = 1, . . . , n, we view the element (<7i, . . . , cr n ) G S" mi x • • • x S mn naturally as an 
element in S m by the canonical embedding S mi x • • • x S mn <^-> S* m . 

Definition 2.5. Let (Q, /q,7q) be an operad. A right module over Q, or a right Q- 
module, is a family of sets = {"P(n)} ne N with actions of permutation groups, equipped 
with maps: 

V(k) x Q(m) x • • • x Q(nj) ^ P(ni + • • • + n fc ) 

such that 

1. For c G we have 

7 (c;/ e ,...,/ c ) = c. (2.2) 

2. 7 is associative. Namely, for c G 'P(fe), d« G Q(pi),i = 1, . . . ,k, ej G Q(qj),j = 
l,...,pi-\ hpfc, we have 

7(7(0; di,..., 4); ei, . . . , e pi+ ... +Pk ) = 7(0; /1, . . . , (2.3) 

where 

/s = 7s(^sj e PiH hPs-i+1' • • • ' e PiH hps)- 

3. For c G P(&; I), di G Q(pi),i = 1, ... ,1, a e Si and Tj £ = 1,... ,1, 

7(<7(c);di,...,di) = (7( pi) ... >pi )(7(c;di,...,di)), (2.4) 
7(c;ri(di),...,r;(d;)) = (n, . . . , r;)(7(c; di, . . . , d;)). (2.5) 

Homomorphisms and isomorphisms between right Q-modules are naturally defined. 

The left module over a partial operad can be similarly defined. 

Definition 2.6. A right module V over a partial operad Q, or a right Q-module, is 
called G-rescalable if Q is G-rescalable and for any c G V(k), di G Q(rii),i = 1, . . . , k, 
there exist gi G G, i = 1, . . . , k such that 

T(7(c; 3i,...,5fc);di,...,d fe ) 

is well-defined. 
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Definition 2.7. A 2-colored operad consists of an operad (Q, -7q,7q), a family of 
sets V(m; n) equipped with an S m x S^-action for m, n E N, a distinguished element 
I-p E V(l, 1) and substitution maps 71,72 given as follows: 



satisfying the following axioms: 

1. The family of sets V := {D ne ^V(m; n)} mg N equipped with the natural S* m -action 
on V(m) = U n< =nV(m; n), together with identity element I-p and substitution maps 
71 is an operad. 

2. 72 gives each V(k) a right Q-module structure for k G N. 
We denote it as (V\Q, (71,72)) or V for simplicity. 

Remark 2.8. The substitution map 71,72 can be combined into a single substitution 

map 7 = (71,72): 



For this reason, we also denote (V\Q, (71, 72)) as ("P|Q, 7). For some examples we 
encounter later, 71,72 are often defined all together in terms of 7. 

Definition 2.9. 2-colored partial operad is defined similarly as that of 2-colored operad 
except that 71, 72 are only partially defined and Q, V are partial operads and (|2.3j) holds 
whenever both sides exist. If only the associativities of 7q,7i,72 do not hold, then it is 
called 1- colored nonassociative (partial) operad. 

We give an important example of 2-colored partial nonassociative operad. Let J\, J2 
be two index sets. U\ = ©neJi^i)^)! ^2 = ©ngj 2 (^ r 2)(n) be two graded vector spaces. 
Consider two families of vector spaces, 



or J 2 . For any / G E^u^k; I) , gi G Eu^u^m^m)^ = l,...,k, and hj G Eu 3 (pj), 
j = 1, ... ,1, we say that 

r(f]9i,--->9n,hi,...,hi) := 




V{m\ + . . . + mk] I + n\ + . . . + n k ) 
l)^V(k; Pl + ---+ Pl ), 



(2.6) 



V{k;l) x P(rai;ni) x . . . x V(m k ;n k ) x Q( Pl ) x • • • x Q(p t ) 

^ V{m\ + . . . + m k ;ni + . . . + n k + pi -\ Vpi). 



(2.7) 




E 



f{P sl gi{u 




si,...,Sk£Ji;ti,...,ti£j2 



P tl hi(w 



(i) 



• • • ,P Sk gk{u\ u\ 

,...,w^),...,P tl hi(w 
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where u - <G U\,Vj G U2, is well-defined if the multiple sum is absolutely convergent. 
This gives arise to a partially defined substitution map T: 

Eui\u a (. k '> 1 ) x £[/i|t/ 2 ( m i; n i) x ••• x E UllU2 (m k ;n k ) x E U2 ( Pl ) x ••• x E U2 ( Pl ) 
— >■ Eu^u^mi H h m fc ,ni H h n fe +pi H hw)- 

T does not satisfy the associativity in general. Let E Ul \u 2 = {Ejj^u^m; n)} mjne N and 
i?[/ 2 = {E(j 2 (n)}„ g N- It is obvious that (-E^f/J-E^, T) is a 2-colored nonassociative 
partial operad. 

Let U\ be a completely reducible Gi-modules and C/2 a completely reducible G2- 
modules. Namely, Ui = ©nieJi(t/i)(m)> ^2 = ©n 2 eJ 2 (^2)012) where Jj is the set of 
equivalence classes of irreducible Gj-modules and (£/j)( n .) is a direct sum of irreducible 
Gj-modules of the equivalence class rij for i = 1,2. In this case, we denote E Vl \ U2 by 
T7TG1IG2 
^Ux\U 2 ■ 

Definition 2.10. A homomorphism between two 2-colored (partial) operads Qi, 7^), i = 
1,2 consists of two (partial) operad homomorphisms: 

v Vi\Qi '■ Pi ^2, and u Ql : Qi —> Q 2 

such that ^•p 1 |Q 1 : V\ — > V2, where V2 is a right Qi-module by uq 1 , is also a right 
Qi-module homomorphism. 

Definition 2.11. An algebra over a 2-colored partial operad ("P|Q,7), or a V\Q-algebra 
consists of two graded vector spaces U\, U2 and a homomorphism {y-p\Qi V Q) from (V\Q, 7) 
to (£' ! 7 1 | [ 7 2 |E[7 2 , T). We denote this algebra as {U\ | C/2 , v O)- 

Definition 2.12. If a 2-colorcd partial operad (P|Q, 7) is so that V is a Gi-rescalable 
partial operad and a GVrescalable right Q-module, then it is called G\\G2-rescalable. 

Definition 2.13. A G\\G2-rescalable V\Q-algebra (Ui\U2, ^v\q, vq) is a 'PlQ-algebra 

G \G' (~* 

so that v-p\Q ■ V — > E^l^ and uq : Q —> E^; moreover, y-p\Q ■ G± —> End U\ 
coincides with the G\ -module structure on U\ and vq : G2 — ► End U2 coincides with 
the G2-module structure on U2. 

2.2 Swiss-cheese partial operad © 

A disk with strips and tubes of type (m_, m+; n_, n+) (m_,m + ,n_,n + € N) is a disk 5 
with the following additional data: 

1 . m_ + m + distinct ordered punctures p? m _ , . . . , p^ , pf , . . . , (called boundary 
punctures) on 35 (the boundary of 5), where p^_ m _ , ■ ■ ■ ,P-i are negatively oriented 
and pf , . . . ,Pm + are positively oriented, together with local coordinates: 

(C^V)- • • • > (^-1^-1); (tff, ), • • • , (^ + , vfij, 

where \jf is a neighborhood of pf and </?f : Uf — > H is an analytic map which 
vanishes at pf and maps t/,f n dS to M, for each i = — m_, . . . , —1, 1, . . . , ra+. 
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,P-I,p{, 



(called interior punc- 



2. n_ + n + distinct ordered points pL n _, 

tures) in the interior of S, where pL n _ , ■ ■ ■ , pL\ are negatively oriented and p[, 
are positively oriented, together with local coordinates: 



,pi+ 



(uL n _ , vl n J, (t£i, ydi); (u[, <p{), (u[, ^ + ), 

where Uj is a local neighborhood of pj and c/?j : [/• — > C is an analytic map which 
vanishes at pj for each j = — n_, . . . , — 1, 1, 



Two disks with strips and tubes are conformal equivalent if there exists between 
them a biholomorphic map which maps punctures to punctures and preserves the order 
of punctures and the germs of local coordinate maps. We denote the moduli space of the 
conformal equivalence classes of disks with strips and tubes of type (m_, m + ; n_, n+) 
as S(m_, m+|n_, The structure on S(m_, m+|n_, n+) will be discussed in |K3j . In 
this work, we are only interested in disks with strips and tubes of types (1, m + ; 0, n + ) 
for n, I G N. For simplicity, we denote §(l,m+|0,n+) by T(m + ; n+). For such disks, we 
label the only negatively oriented boundary puncture as the 0-th boundary puncture. 

We can choose a canonical representative for each conformal equivalence class in 
T(m_|_; n+) just as we did for disks with strips [HKolJ and sphere with tubes [H4j . More 
precisely, for a disk with strips and tubes of type (1, m + ; 0, n+) where m + > 0, we first 
use a conformal map / to map the disk to H. Then we use an automorphism of H to 
move the only negatively oriented puncture (the 0-th puncture) to oo and the smallest 
rf. to 0, and fix the local coordinate map /q at oo to be so that lim^^oo wfo(w) = — 1. 
As a consequence, the canonical representative of a generic conformal equivalent class 
of disk with strips and tubes Q € Y(m + ;n+) is a disk H, together with a negatively 
oriented boundary puncture at oo G H and local coordinate map given by 



/o s H 



xr =1 -a 



(°)„ 



+ 1 

) 

W 



where E R, and positively oriented boundary punctures at r\, 
(rfe = 0) and local coordinate maps given by 



U{0} 



J i 



1, 



,m+, 



where -Bj 2 ' 1 G R, 6q' 1 G R+, and positively oriented interior punctures at z%,..., z n+ G 
with local coordinate maps given by 



■,(0 



dx (%') <ixX 



I,..., Ha 



X=W — Zi 



where J^f G C and a^' G C x . 

Let (lie) be the set of sequences of real numbers (complex numbers) {Cj}J^ 1 

such that e^i >0 j dx x as a power series converges in some neighborhood of 0. We 
define 

A™ := {(ri, . . . ,r n )\ 3a G S" n , r a ^) > ■ ■ ■ > r a{jl) = 0}. 

Using the data on the canonical representative of Q, we denote Q G T(m + ;n + ) as 
follows 



(0 



[n, . . . , r m+ _ i; flW, (6«, flW), . . . , (fe( m+) , S( m + ))| 



(2.9) 
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where (n,...,r m+ ) G A m + and bf G R+.a^ € C x , and B« = {-B^}^ G IIr and 

ACp) = e n c for alH = 1, . . .,m+,p = 1, ... ,n+. 

Using notations (10. ip and (|0.2j) . for m + > and n + G N, we can express the moduli 
space of disks with strips and tubes of type (1, m + ; 0, n + ) as follows: 

T(m+;n + ) = A" 1 *" 1 x n R x (K+ x H M ) m + x M™ + x (C x x n c )"+. 
For m + = 0, n + G N, we used automorphism of EI to fix B^ = 0. Hence, we have 
T(0;n + ) = {B® G II | Bj 0) = 0} x (C x x Il c ) n + . 

Note that Y(m+;0) is nothing but Y(m+) introduced and studied in [HKolj . T := 
{T(n)} ng N is a partial operad of disks with strips [HKoT]. The identity Iy is an element 
of T(1;0). Also, for m + ,n + G N, S n+ acts on T(m + ;n + ) in the obvious way. Let 
&(m) = L) n+ ^T(m + ; n+) for m G N, and & = U m ^&(m). 

There are two kinds of sewing operations on ©, The first kind is called boundary 
sewing operation which sews the positively oriented boundary puncture in the first disk 
with a negatively oriented boundary puncture in the second disk. The second is called 
interior sewing operation which sews a positively oriented interior puncture in a disk 
with a negatively oriented puncture in a sphere with tubes. We describe these sewing 
operations more precisely. Let us consider P G T(m + ;n + ) and Q G T(p + ;q + ) (Q G 
K{p + )) for boundary sewing operations (for interior sewing operations). Let B r (B r ) 
denote the open (closed) ball in C center at with radius r, ipi the germs of local 
coordinate map at i-th boundary (interior) puncture p of P, and "00 the germs of local 
coordinate map at 0-th puncture q of Q. Then we say that the i-th strip of P can be 
sewn with the 0-th strip (tube) of Q if there is a r G M+ such that p and q are the only 
punctures in (p~ 1 (B r ) and i/jq 1 ^ 1 ^) respectively. A new disk with strips and tubes 
in T(m + + p + — 1, n + + q + ) (T(m +J n + + p + — 1)), denoted as PiOOoQ (PiOolQ), is 
obtained by cutting out ip^ 1 (B r ) and ipQ 1 (B 1 / r ) from P and Q respectively, and then 
identifying the boundary of ip^ 1 (B r ) and ^ 1 (B 1//r ) via the map 

Ip' 1 ojjo (pi 

where J ft : -± 

The boundary sewing operations and interior sewing operations induce the following 
partially defined substitution maps: 

T(fc; I) x T(mi; n x ) x . . . x T(m fc ; n k ) x K(pi) x • • • x K(p t ) 

^ T(mi + . . . + m k ;ni + . . . + n k + p x H \-p{). (2.10) 

The following Proposition is clear. 

Proposition 2.14. 7) is a IR_|_|C x -rescalable 2-colored partial operad. 

This M_(_|C x -rescalable 2-colored partial operad (&\K, 7) is a generalization of Voronov's 
Swiss-cheese operad [Vj. So we will call it Swiss-cheese partial operad and sometimes de- 
note it by & for simplicity. The relation between Swiss-cheese operad and Swiss-cheese 
partial operad is an analogue of that between little disk operad and sphere partial operad 



30 



2.3 Sewing equations and the doubling map 5 

We are interested in finding the canonical representative of disk with strips and tubes 
obtained by sewing two such disks or sewing a disk with a sphere. In the case of sphere 
partial operad K, such canonical representatives were obtained by Huang [H1][H2][H4] 
by solving the so-called sewing equation. Similarly, the canonical representatives of disks 
with strips and tubes obtained by two types of sewing operations can also be determined 
by solving two types of sewing equations. 

We start with the boundary sewing operations. For Q € ©, we denoted the canonical 
representative of Q as Eq. Let P £ T(m;n) and Q G T(p;q). Let go be the local 
coordinate map at oo £ and /j be that at Zi € Xp, 1 < i < m. We assume that 
PiOOoQ exists. Then the canonical disk Sp.^sg can be obtained by solving the following 
sewing equation: 

/ , ,\ _ ttB ( -i ' _1 



where is a conformal map from an open neighborhood of oo € Hp to an open 
neighborhood of oo € S Pj00 Bg, and is a conformal map from an open neighborhood 
of € to an open neighborhood of € Sp.^sg, with the following normalization 
conditions: 

F B (w) 

F£(oo) = oo, F%J0) = 0, lim = 1. (2.12) 

It is easy to see that the solution of (|2.1ip and (|2.12p is unique. Notice that F£, F£, 
/o and /j in (|2.1ip are all real analytic. 

Similarly, let P € T(m;n) and Q 6 K(p)- We denote the canonical sphere with 
tubes of Q as Sq. Let 50 be the local coordinate map at 00 £ Q and fi be that at 
Zi E P,l < i < n. We assume that PiOolQ exists. Then Sp.^/g can be obtained by 
solving the following sewing equation: 

?i t„..\ _ ttI ( „-i ' ~ 1 



where i 7 "^ is a conformal map from an open neighborhood of M in Sp to an open 
neighborhood of R in Sp.^/Q, and F^ is a conformal map from an open neighborhood 
of in Sq to an open subset of H C Sp i00 iQ, with the following normalization conditions: 

pi l w ) 

FUoo) = 00, fL(0) = 0, lim = 1. (2.14) 

It is easy to see that the solution of (12.131) and (|2.14j) is unique as well. 

Notice that F^s is real analytic because it maps R to R. Hence, i 7 ^ is also the 
unique solution for the following equation 



with the same normalization condition f)2 . 14[) . 
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In sphere partial operad, we define a complex conjugation map Conj : K — > K as 
follows 

Conj : (zi , . . . , zn-i ; A<® , (a® , A® ) , ... , (a^ , A™ ) ) 

— (fi, . . . , Zn-i;A<f>\ • • • , (4 n) ^ (n) ))- (2-16) 

For simplicity, we denote Conj(Q) as Q f° r Q £ 
Proposition 2.15. Conj is an partial operad automorphism of K . 

Proof. It is clear that Conj((0, (1, 0))) = (0,(1,0)) and Conj is equivariant with 
respect to the action of permutation group. Moreover, Conj is obviously bijective. It 
only remains to show that, for 1 < i < m, 



Pi ooo Q = Pi oooQ (2.17) 

for any pair P £ K(m), Q £ K{n) such that PtoooQ exists. 

Let fi be the local coordinate map at i-th puncture in P and go be that at oo in 
Q. Then the local coordinate map at i-th puncture in P is fi and that at oo in Q is 
go. Also notice that the sewing equation and normalization equation for sphere partial 
operad ( |H4| ) are the same as the equation (|2.1ip and f|2.12j> . Let F^ here , F^ here be the 

solution of (|2.1ip and (|2.12p for the sphere with tubes , then F^ here , F^ here also satisfy 
the same normalization condition and the following sewing equation 



r sphere\ w ) ~ r sphere ^0 ^ f (w) J J 



which is the sewing equation for PiOOoQ. Using the explicit formula ((A.6.1)-(A.6.5) in 
[Hi]) of the moduli PiOOoQ in terms of F^ here , F^ here , fi,go, one can easily see that 
(gUID is true. I 
There is a canonical doubling map S : S — > K defined as follows. Let Q € T(n; I) 
with form 

Q = [r 1 ,... M ,B(°\(bS ) ,B(%...,(b^,B^)\ 

z u ...,z l ;(a^,A^),...,(aS\A^)]. 

Then 

S(Q) = (z 1 ,...,z l ,z 1 ,...,z l ,n,..., r n _i; (a^, A«), . . . , (a®, A«), 

. . . , rf, Afl>); B^.tfUW), . . . , (6j n) ,flW)). (2.18) 

Proposition 2.16. Let P G T(m;n) and Q € T(p;q). Assume that PiOOoQ exists. We 
have 

5(PoooQ) = 6(P)2 n+i oood(Q). (2.19) 

Proof. Since ^)f\, -^(f)) fi^ 1 an d /i m (12. lip are all real analytic, every solution of 
(|2.11|) and (|2.12|) for disk with strips and tubes can be extended to a solution of the 
same sewing equation for sphere with tubes by Schwarz's reflection principle. Then the 
Proposition follows immediately from this fact. I 
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Given a canonical disk with strips and tubes Eg corresponding to moduli Q € ©, 

we consider its complex conjugation, denoted as Eq. Eq is the lower half plane H 
together with the same boundary punctures and local coordinate maps as those in Eq, 
and interior punctures which are the complex conjugation of the interior punctures in 
Eq with local coordinate maps being the complex conjugation of those in Eq. We can 
denote it as 

[n, • • ..V-.^,^ 1 '), . . . , (b^,B^)\ 

z u ..., z n+ ;(a$-\AN), (a<f +) ,AM)] (2.20) 

where z\ , . . . , z n+ € M. 

Lemma 2.17. Let P € T(m;n) and Q € K(p). Assume that PiOolQ exists for 1 < i < 
m. Then EpiOOoQ also exists and 

E^T^EpWQ. (2.21) 

Proof. We can choose a canonical representative of Sp, ooq Q as a lower half plane 

EI with two punctures at oo and and the local coordinate map go at oo being so that 
lim UMOO wgo(w) = — 1. We denote such representative of Ep iOOo Q (a lower half plane) 
as Ei. Ei can be obtained by solving the sewing equation 

c » h = g «( ? (h))' (2 ' 22) 

where Gn<. is a conformal map from a neighborhood of 1 C Sp to a neighborhood of 
R C Ei, and Gm is a conformal map from a neighborhood of € Eq to an open subset 
of H C Ei, with the normalization equation (|2.14p . By comparing (|2.22p with (|2.15p . we 
see that the unique solution FL, (real analytic) and FL. of (|2.15p and (|2. 14[) exactly gives 
the unique solution and G^of (|2.22p and (|2.14p . Hence we have Ei = Ep.^/g. I 

Proposition 2.18. Let P £ T(n; /), Q G K(m) and PiOOqQ exists for 1 < i < I. Then 

5(PiOolQ) = (5(P)iOOoQ) i+m -i+iOooQ (2.23) 

Proof. Now we first consider the right hand side of (|2.23p . We denote the canonical 
representative of any R € K(l) as Ep. Then T,^^ can be viewed as a union of the 
closure of upper half plane, denoted as U+, and the closure of lower half plane, denoted 
as U-. Let E + be the Riemann surface obtained by sewing U+ with Q, and E„ the 
Riemann surface obtained by sewing U- with Q. By identifying the real line in U+ C E + 
with the real line in U- C E_ using identity map, we obtain the surface E_|_^E_ which 
is isomorphic to the canonical sphere with tubes E ((5(P)i00oQ)j+m _ i+!00o Q. 

Both E_|_ and E_ are disks with strips and tubes. Since U+ = Ep, there is a unique 
biholomorphic map / from E + to the canonical disk with strips and tubes Eg.^/p. 

Similarily, because ?7_ = Ep, by Lemma 12.171 there is a unique biholomorphic map g 
from E_ to the canonical disk with strips and tubes Ep.^/g. The restriction of / on the 

neighborhood of M = dU+ is nothing but the unique real analytic map Fl, satisfying 
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(|2.13|) and ([2.141) . Meanwhile, the restriction of g on a neighborhood of R = dU— is 
nothing but the same FL satisfying ([2T5D and QHQ . So we must have f\^ = g\^, which 
further implies that /~ U = g~ U. Hence, / _1 can be extended to a biholomorphic 
map from S 5(Pi00 i q) to 

Therefore X 5(Pi0O / Q) must be biholomorphic to E WP)4OO0 Q )l+m _ 1+jOO0 g. Since they 

are both canonical representatives of sphere with tubes, we must have the equality (|2,23ll . 

■ 

Remark 2.19. Proposition 12.181 is nothing but the doubling trick fA~]|Cl| stated in 
our partial operad language. It also implies that the bulk theories in an open-closed 
conformal field theory must contain both chiral parts and anti-chiral parts. 

Corollary 2.20. For P G <5(T(n,Z)) C K(n + 21) as in JETgj) and Q G K(m), the 
sewing operations: (Pi00oQ)i+ m -i+i.oooQ for 1 < i < I define an action of the diagonal 
{(Q,Q) G K x K} of K x K on 5(&). 

2.4 The C-extensions of & 

In order to study open-closed conformal field theories with nontrivial central charges, 
we need study the C-extensions of Swiss-cheese partial operad 6. 

For c G C, let K c be the §-th power of determinant line bundle over K [H4]. We 
denote the pullback line bundle over 6 through the doubling map 5 as S c . 8 can 
certainly be extended to a map on S c . We still denote it as 5. For any n G N, the 
restrictions of the sections ip n +2i of K c (n + 21) for I G N to T(n;l) gives a section of 
& c (n) and we shall use ip® to denote this section. It is clear that T c , the C-extension 
of the partial operad of disks with strips, is the pullback bundle of the inclusion map 

The boundary sewing operations in S c are naturally induced from the sewing opera- 
tions of K c . We denote the boundary sewing operations in S c as ioo^ H More explicitly, 
let P G T(n; /) and Q G T(m; k) be so that PiOO^Q exists. Let P, Q be elements in the 
fiber over P and Q respectively. We define 

Pi35^Q := ^ 1 (<5(Q)2i +l oooQ), (2.24) 

where J -1 is defined on the image of 5. 

We would also like to lift an interior sewing operation iool to a sewing operation 

between an element in <3 C and an element in K c ® K c . We still call it interior sewing 
operation and denote it as tool. Let P G T(n;l),Q G K(m) such that PiOolQ exists. 
Let P, Q be elements in the fibers over P and Q respectively. Let ip m <8> tp m be the 
canonical section on K c ® K c (m). Then we have Q = Xtp m <8> , 4>m(Q) for some A G C. 
Then we define Pi oof, Q by 

PiOOoQ := <5- 1 ((5(P) l 55oAV' m (Q)) i +m-i+ l S5o^ m (Q)) (2.25) 

The following Lemma shows that the interior sewing operations are associative. 

5 Since we always work with a fixed c G C, it is convenient to make the dependence on c implicit in 
some notations. 
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Lemma 2.21. Let P € Y(n;Z), Qi G K(mi),Q2 G K(m2) and P,Q\,Q2 be elements 
in fibers of line bundles & c and K c ® K c over the base points P, Qi, Q2 respectively. Let 
1 < % < I and 1 < j < mi ■ Then we have 

(Aooo(5i)>+i-io5oQ2 = PiOoliQi 3O00Q2) (2.26) 

assuming that the sewing operations appeared in \2. 26\) are all well-defined. 

Proof. Let A, £ C, i = 1,2 be such that Qi = M^mi <S> ^m i {Qi)i'i' = L2. Let 
(oq\A^) be the local coordinate map at j-th puncture of Q\ and Let be the local 
coordinate map at 00 in Q2- By (|2.25p . the 5 image of the left hand side of (|2.26f) equals 
to 

(((^(FjiOOoAiVw (Qi))i+ mi -wo5ot/j mi (Qi)) 

i+j-iOOoA^r?^ {Q2))l+m 1 +m 2 +i+j-zOO0llj m2 (Q2) 

By the associativity of the partial operad K c , the above formula equals to 

(<5(P)z OOO (AiV>toi (Ql)jOOO A 2 V>m 2 (Q2))) 

i+m 1 +m 2 -2+iOO0 (^ mi (Ql)j OOO ^m 2 (Q2)) 

= (5(P) I S3o(A 1 A 2 e r ^ W ' B(0) ' a o ) )^ mi+m2 _ 1 (Q lj00o Q 2 ))) 

; + m 1 +m 2 -2+iOOoe v ' ' ' ip mi +m 2 -l{Ql JOO0Q2) 

= 5(P^(A 1 A 2 e r ( A(l) ' B(0) ' a o ) ) Ce r(^^,^ y ) C 

(Qi J000Q2))) 
= (5(PiOOo(AiV' mi <8>^mi(Ql)jOOoA 2 V'm2 ®^m 2 (<52))) 
= <5(Pio5o(Qi »ooo(5 2 )), 

which is nothing but the right hand side of (|2,26|) , I 

Boundary sewing operations and interior sewing operations induce the following 
partially defined substitution maps 7: 

f c (n; I) x f c (mi; fci) x • • • x f c {m n ; k n ) x K c (ni) x • • • x i^ c (n ; ) 

T c (mi H h m n ; fci H h fc n + ™i H h «z) 

The following Proposition is clear. 

Proposition 2.22. (&°\K° <g> K c , 7) is a R + |C X -rescalable 2- colored partial operad. 

We will call (S c |i^ c ® K c , 7) Swiss-cheese partial operad with central charge c. Note 
that © c restricted on T is just T c which was introduced in [HKolj . 

2.5 Smooth & C \K C ® if 5 -algebras 

Let y° = ffineR^/^, where V^n has a structure of irreducible ]R+-module given by 
r 1 ^ r " ic V° for r e M +- Let v ° = ©(m,n)axi^ n) , where V^ n) has a structure of 
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irreducible C x -module given by z i— » z m z n id v c for z G C x (recall (|1.16|) and (jTTTTJ)) 

(m,n) 

for all m, n. This is also implies that VP „) = f° r all m — n <^ Z. Let 
be a M + |C x -rescalable 6 C |K C ® ^-algebra. 

Definition 2.23. The IR + |C x -rescalable 6 c |K c (g)K 5 -algebra (V°\V C , v~ r > ir-^ T y -&=) 
is called smooth if it satisfies the following two conditions: 

1. dimV/jl < oo for s G R, V^s = for n << and dimV/^% < oo for m,n G Z, 
^(mn) for m « or n « 0. 

2. For w G (V°y, vi,...,t; m G V°, ui, . . . , u n G and P G T c (m; n), the following 
map 

is linear on fiber and smooth on the base space T(m;n). 

By |H4| . a vertex operator algebra U canonically gives a i^ c -algebra. Using the 
doubling map 5, this if c -algebra naturally gives a smooth &\K C ® K c -algebra, in which 
F° = {7 and U^ = U®U . It is also easy to see that this (S^if^-K^-algebra canonically 
gives an analytic open-closed field algebra which is nothing but (U <g> U, U, idu, idy) or 
simply (U <g>U, U) discussed in Section 1. We still denote this smooth © c |-KT c <g>i^ c -algebra 
as (U <8>U,U). A smooth & C \K C ® JT c -algebra containing (U £>5 U, U) as a subalgebra is 

called a smooth & C \K C ® K c -algebra over U. 

Let (Vd,Vop, m d—op) be an open-closed field algebra over V. By definition, V c i is a 
conformal full field algebra over V ® V. By the results in |K2| . has a structure of 
smooth K c <8> i^ c -algebra structure, we denote it as (V c i, v~ -=-). 

Let Q G T(n; /) of form (|2.9p such that n > . . . > T n __i > r„, = 0. We define a map 

, -r^ ■ & c —>■ Efr + ^r as follows: 
e c |K c (giif c v op \v c i 

V ec\ k o^i(^n (Q))(«l ® ■ ■ ■ ® ® «1 ® ■ ■ ■ ® «l) 

:= Ae- L -( B(0) )m^ p (e- L +( A(1) )(4 1) )^(°) ® e^^rf)^^ 

. . . e -^ ( °)(a«)- i(0) ® e-^^)^)-^ )^; 
e -L + ( S ( 1 )) (6 (i) r L(0) t;i) _ ^(BWj^j-itO)^ 

. . .,zi,zi;n, . . . ,r„), (2.27) 

where L±{A) = X^li -^(^i)^ f° r an y ^ = {^l; ^2, • • • }, G C, for ui,...,Ui G 
Vd,Vi, . . . ,v n G V^p. Let e; be the identity element of Si- Vc G £ n , we define 

We have finished the definition of v~ , r , -~rz in all cases. By results in iHKoll, the 
restriction of v gci^-c^^e on ^ C dearly gives a morphism of partial nonassociative operad 
from T c to Efr + . 

* op 
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Theorem 2.24. (V ov \V c i, v- . ~ -~^,v~ -~^) is a smooth @ C \K C <g> K c -algebra. 

Proof. By the permutation property of open-closed field algebra and (|2.28[) . it is 
clear that v ' q c ^ c ^^ s equivariant with the actions of permutation groups. 

The conditions in Definition 12. 231 are automatically satisfied. It remains to show that 

U &\K c ®Kc ° 7 — T o (v 'qc^c^kc' ' ' V &\K c ®Kc'' V K C ®K^ " ' ' V K C ®K 5 ^ (2.29) 

as a map 

t c (n; I) x f c (mi; fci) x • • • x f c (m n ; k n ) x K c { ni ) x • • • x K c (m) 

-» Hom(y c f fel+ - +/c ' l+ " 1+ - +rii (2) F®" +mi+ -+"^TQ. (2.30) 

Thanks to the doubling map <5 and (|2.26j) . & c can be viewed as a partial suboperad of 
K c with single-sewing operations for the punctures in M + and double-sewing operations 
for mirror pairs of punctures in upper and lower half planes. By using the ^-invariant 
boundary condition, the chirality splitting property and the convergence and extension 
properties of any products and iterates of intertwining operators proved by Huang for 
any V satisfying the condition in Theorem 10. 1\ it is easy to generalize the proof of 
Huang's fundamental result Proposition 5.4.1 in [H4] and results in [H5][H6] to shows 
that (|2.29p holds. The arguements are standard but tedious. We omit the details. I 



3 Categorical formulation 

In this section, we study open-closed field algebras over V from a tensor-categorical 
point of view. In Section 3.1, we recall some basic ingredients of the vertex tensor 
categories. In Section 3.2, we reformulate the notion of open-closed field algebra over V 
categorically by a categorical notion called open-closed Cy (Cy^y-algebra. 



3.1 Vertex tensor categories 

The theory of tensor products for modules over a vertex operator algebra was developed 
by Huang and Lepowsky [HL2j-|HL5][H3]. By Theorem 10.11 and our assumption on V, 
the category of ^-modules, denoted as Cy, have a structure of vertex tensor category 
[HL2] , In particular, it has a structure of semisimple braided tensor category. 

We review some of the ingredients of vertex tensor category Cy and set our notations 
along the way. 

There is a tensor product bifunctor Klp( z ) : Cy x Cy — > Cy for each P(z), z £ C x in 
sphere partial operad K, where P{z) is the conformal equivalence class of sphere with 
three punctures 0,z, oo and standard local coordinates |H4j . We denote Klp(i) simply 
as Kl. For any pair of ^-modules W±, W2, the module W\ ^p( z \ W% is spanned by the 
homogeneous components of w\ Klp( 2l ) W2 € W\ ® W2, ViOi € W\,W2 € Wi- 

For each ^-module W, there is a left unit isomorphism l\y : W — > W defined by 

T^(v h w) = Y w (v, l)w, VveV,w€W, (3.1) 

where lw is the unique extension of l\y on V M W and Y\y is the vertex operator which 
defines the module structure on W, and a right unit isomorphism r\y : W M V — > W 
defined by 

rw{wM v) = e L ^Y w (v,-l)w, VveV,w£W. (3.2) 
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Remark 3.1. We have used "overline" for the extensions of maps, algebraic completions 
of graded vector spaces and complex conjugations of complex variables. One shall not 
confuse them because they acts on different things. 

Let W\ and W 2 be ^-modules. For a given path 7 £ C x from a point z\ to z 2 , there 
is a parallel isomorphism associated to this path 

T 7 : W x ®p (zi) W 2 — > W x m P(z2) W 2 . 

Let y be the intertwining operator corresponding to the intertwining map ^pt Z2 ) and 
l(zi) the value of the logarithm of z\ determined by \ogz 2 and analytic continuation 
along the path 7. For w\ 6 Wi,w 2 € VF2, ^ is defined by 

%{ Wl m P(zi) w 2 ) = y{ Wl ,e l ^)w 2 , 

where is the natural extension of Xy. Moreover, the parallel isomorphism depends 
only on the homotopy class of 7. 

For z\ > z 2 > z\ — z 2 > and each triple of V- modules W\ , W 2 , W3 , there is an 
associativity isomorphism: 

^p(S)Tp(S (a2) : ^ ^1) (^2 ^P(, 2 ) W- 3 ) - (Wi Kl P(ai _, a) W 2 ) K P(Z2) W 3 , 
which is characterized by 

for G Wi, i = 1,2, 3. The associativity isomorphism .A of the braided tensor category 
is characterized by the following commutative diagram: 

W x ®P( Z1) (W 2 M P[Z2) W 3 ) — 1} > B (W 2 El W 3 ) (3-4) 

.P( Z1 - Z2 ),P(z 2 ) , 
(Wl Kp (zi _, 2) W 2 ) K P(Z2 ) W - 3 r ^°^3^2) ld ^ 3 ) ( ^ ^ ^ 

where 71,72,73 are paths in R + from z±,z 2 ,Zi — z 2 to 1, respectively. 

P(z) 

There is also a braiding isomorphism, for z > 0, 7£ + : Wi Elp(^) W 2 — > W^j^p( z ) Wi 
for each pair of V- modules Wi , W 2 , defined as 

K P + {z \ Wl ® P{z) w 2 ) = e zL ^T J+ (w 2 ® P{ _ Z) Wl ), (3.5) 

where 7+ is a path from — z to z given by 7+(t) = —e mt z, t G [0, 1]. The inverse of 7£+ ( ' z ' > 
is denoted by 1Z P( ~ Z \ which is characterized by 

ft P(z) (™ 2 ^p (2 ) ^i) = e^^T^i M P( _ z) w 2 ), (3.6) 

where 7_ is a path given by 7-(t) = — e _Mr *z. We denote 7£±^ simply as 7?.±. Accord- 
ingly, we define the twist by 9w = e~ 2mL( - ^ for any F-module W. 
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For Z\,z<i € R+, the naturalness of T implies the commutativity of the following 
diagram: 

Wt ® P(zi) W 2 r -l >- W l M P{Z2) W 2 (3.7) 

W 2 ® P{zi) Wi 5 _ W 2 S P(22 ) Wi , 

where 7 is a path in M + from z\ to #2- 

Let V w ^w 2 denotes the space of intertwining operators of type { Wl w ) ■ ^ or * ne chosen 
branch cut (|1.16p , the space V W 3 W is canonically isomorphic to the space of intertwining 
maps denoted as .Mf-Pfz)]^^. By the universal property of tensor product, the space 
A^P^)]^*^ is canonically identified with the space Homy(Wi Klp( 2 ) W 2 ,W?,). Let 
3^ £ V^jy- . We denote the corresponding morphism in Homy(VFi M W 2 , W3) as m,y^ z \ 
For r £ Z, Q r : VwiW 2 ~~ * ^wtw ls an isomorphism defined as follows: 

n r (y)(w 2 ,x) Wl = e xL ^y( Wl ,e^ r+1 ^x)w 2 

for all wi G Wi,w 2 € W^- Then by Proposition 3.1 in |K2j . where the definition 
of braiding is opposite to our choice here (recall (j3.5|)(|3.6|) ). we obtain the following 
identities: 

P(z) P(z) r>P(z) P(z) ^P{z) /q n 

The tensor product V (8) V is also a vertex operator algebra [FHLj . Moreover, it was 
shown in [HKo2j that V ® V also satisfies the conditions in Theorem 10.11 Therefore, 
Cv®V-> the category of V <8> V-modules, also has a structure of semisimple braided tensor 
category. For z,( S C x , let Mpr z \ P (Q be the tensor product bifunctor in Cy®v defined 
by 

(A ® b) m P{z)P{0 (c®d) = {A m P(z) b) ® (c m P{0 d), 

where A,B,C,D are F-modules. We denote the bifunctor Klpmpm simply as M. 

There are a few different braiding structures on Cv®v [K2] . We choose the one given 
by 1Z + ® TZ-. The twist 6a '■ A — ► A, for A G (V®V> is given as follows 

^ = e - 2 ^ L (°W-^(0). (3.9) 

An object A is said to have a trivial twist if 6 a = id^- 

Now we recall the definition of (commutative) associative algebra in a braided tensor 
category C with tensor product ®, unit object lc, left unit isomorphism ivF an d right 
unit isomorphism r\y for any object W, the associativity A and the braiding 7£. 

Definition 3.2. An associative algebra in C (or associative C-algebra) is an object A in 
C together with [ia '■ A ® A — > A and a monomorphism : 1q — > A satisfying 

1. Associativity: /j,a ° (/M <8> id^) o A = /U^ o (id^ ® ^4). 

2. [/mf properties: ^a {t>A ® i&A) ^4 = (t<A ® id^) J"^ 1 = idyl- 
A is called commutative if /Xyi = /x^ o 7£. 

The following Theorem is proved in [HKol| . 
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Theorem 3.3. The category of open-string vertex operator algebras over V is isomor- 
phic to the category of associative Cy-algebras. 

The following Theorem is proved in [K2J. 

Theorem 3.4. The category of conformal full field algebras over V ® V is isomorphic 
to the category of commutative associative algebras in Cy®v with a trivial twist. 

We are interested in studying the relation between above two algebras as ingredients 
of an open-closed field algebra over V. Notice that these two algebras live in different 
categories. So we will first discuss a functor between these two categories. 

Recall a functor Tpt z \ : Cy^y — ¥ Cy |HL4| . In particular, for W\,W2 being V- 
module, T P{z) (Wi ® W 2 ) = W\ M P{z) W 2 . We will simply write Tp (1) as T. Let 

ipo :=l- 1 = ry 1 :V ^VMV = T(V ®V). (3.10) 

For each four ^/-modules W^, W^, i = 1,2, notice that 

T(Wi <8> Wx') M T(W 2 L <S> W 2 R ) = (W\ ^ Wf) M (W 2 M W 2 R ), (3.11) 
T((W[ <g> VFf ) K (W 2 L ®W 2 fl )) = (W^MW^MiW^MWi 1 ). (3.12) 

We define (p 2 : (Wf H W?) M (W 2 L M W^) -> (Wf M W 2 L ) M (Wf M W 2 R ) by 

<p 2 :=Ao (id Wl H A" 1 ) o (id Wl MTZ-M id w A o (id Wl B A) o A' 1 . (3.13) 

The above definition of (p 2 can be naturally extended to a morphism T(A) M T{B) — ► 
T(A Kl £?) for each pair of objects A and B in Cy^y. We still denote the extended 
morphism as (p 2 . The following result is clear. 

Lemma 3.5. T together with <po,(f 2 given in A3.10\) A3.13\) is a monoidal functor. 

For any four objects Wi, i = 1, 2, 3, 4 in Cy , we define a morphism a in Hom((M^i M 
W 2 ) M (W 3 B W 4 ), (W 3 El VF 4 ) B (Wi m W 2 )) according to the following graph: 

W 3 W 4 Wi w 2 




Wi w 2 w 3 W A 

(3.14) 

Clearly, for any A € Cy^y, °~ can De extended to an automorphism on T(A) M T(A), 
denoted as a a- 

Proposition 3.6. Let (A, ha, la) be a commutative algebra in Cy^y. Let HT(A) := 
T(ha) ¥2 and lt(a) '■= T(la) ° <fo- Then (T(A) , Ht(A) > lt(A) ) is an associative Cy- 
algebra satisfying the following commutativity: 

Mt(A) = V>T(A) a A- (3-15) 



40 



Proof. That (T(A), fJ>T(A)i L T(A)) * s an associative Cy-algebra follows from Lemma 
13.51 We only prove (|3.15p . Let us assume A = W\ <S> W 2 with W\, W 2 being ^/-modules 
(the proof for general A is the same). Consider the following diagram: 



(Wi M W 2 ) H {Wi M W 2 ) 



! -P'i 



(Wi M W 2 ) B (Wi M W 2 ) -^*> (Wi M Wi) H (W 2 IS W 2 ) 



(Wi IEI Wi) H (W 2 B W 2 ) 



Wi h w 2 
id 

Wi H W 2 . 



(3.16) 



The left subdiagram is commutative because two paths corresponding to the same braid- 
ing; the right subdiagram is commutative because of the commutativity of A. Hence 
the above diagram is commutative. (|3.15p follows from the commutativity of (13.160 . I 

3.2 Open-closed Cy ICy^y-algebras 

Let ((V^, rrid, l c i), (V op ,Y op , t op ),Y c i_ op ) be an open-closed field algebra over V through- 
out this subsection. 

By Theorem [331 (Ydi md, L cl), a confer mal full field algebra over V <g> V is equivalent 

to a commutative associative algebra with a trivial twist in Cy^y with braiding 7£_| 

We denoted this Cy^y-algebra as a triple (Va, fxa, id), where fi c i = rriY f (recall (|1.3ip ). 
By Proposition 13. 6| (T(V c i), ^T(v a i)i L T(v cl )) ls an associative Cy-algebra. The property 
of algebra T(V c i) can be expressed in the following graphic equations: 








(3.17) 



(3.18) 

By Theorem 13. 3| (V op ,Y op , t op ), an open-string vertex operator algebra over V is 
equivalent to an associative Cy-algebra, denoted as a triple (V op 

j/^opj'-op)) where \x op — 

m Y f (recall (|1.14p and (|1.15p ).. The defining properties of (V op , Hop, top) can be expressed 
in the following graphic equations: 





. (3.19) 

It remains to study the categorical formulation of the only remaining data Y c /_ op 
and its properties. 

By the chirality splitting properties and the associativity of intertwining operator 
algebra |H7j . there exist intertwining operators y^\y^ such that 



(v f , Y c ^ op (u ® u, z, ()v) = («', (^ (6) (u L ,z - ()u R , C)v) 



(3.20) 
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for v' G V' op , v G V op , u L ® u R G and Q > z - ( > 0. For u L ® u R G Fc/, we have 
u L l P(2 _ () u fi G T P(z _ (y d ). 

We define a map ^Ql.~ p : r P(z _ f )(V r ci ) K1 P (^ P^, -> V op as follows: 

By the convergence and analytic properties of the right hand side of (|3.20p and the fact 
that module maps are continuous with respect to the topology on graded vector spaces 
defined in Section 1, we obtain, for z > Q > z — Q > 0, u L (8> u R G V c i,v G V op , the 
following identity: 



VdZ { °(( uL ^P(-C) uR ) ^P(C) f) = ^W,* " C)« fl ,C)«, (3-22) 



where Md-op * s ^ ne uinc l ue extension of /^_ „ ^° algebraic completion of 
^P(z-C)C^cz) ^P(C) ^op- Moreover, by Proposition 1.2 in [H9| (or the nondegeneracy of 
intertwining operator algebra |Klj ). such ^-module map is unique. 

Let 71 be a path in M + from 1 to z — £ and 72 a path in M + from 1 to £. Then we 
define a map Hd-op '■ TiVd) M V op — » V^p as follows: 

Since 7^, depends on path only homotopically, it is clear that above definition of fJ- c i-op 
is independent of z, £ in M + and paths 71,72 in K+. In particular, one can choose 71 
and 72 to be the straight line between 1 and z — £, C respectively. 

By Theorem II. 28} to obtain a categorical formulation of open-closed field algebra 
over V is enough to study the categorical formulations of the unit property fj 1 .82(1 . 
Associativity I (|1.52p . Associativity II (11. 56ft and Commutativity I in Proposition 11.181 

We first consider the property (jl.82p . 

Proposition 3.7. The condition ( Ti.ffi?]) is equivalent to the following condition: 

Hd-op o ((T(l v J o <p ) B id Vop ) o lyl p = idy op , (3.24) 
which can also be expressed by the following graphic equation: 




00 



(3.25) 



Proof. First, (jl.82p is equivalent to the following condition: 

Y cl _ op (l cl ; z, C) = id Vop , for z > ( > 0. (3.26) 

Recall that l c / = ty cl (1 <g) 1). Replacing u L (g> u R by l c / in (|3.20p . one can see that both 
sides of equation (|3.20p are independent of z and £. Hence (|3.26p holds for all z, £ G M+. 
Using (jsjoj) and ([532]) . we obtain 



mJIV^W-O^) ^P(C) u ) = u ( 3 - 27 ) 
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for v G V op and z, ( G R + . Therefore, we have, for v G Vop, 

^d-V )P(?) ° T ^-C)(^ ; ) ^P(C) idv op ((l Hp^-c) 1) ^P(C) «) 
= M^ C)P(C) (Tp(,- C )(l d )Kp (C )«) 
= ^ 

which can be further expressed equivalently as 



(3.28) 



id 



Vo, 



»ci-op )P(0 ° tt T P{z-oM o t 71 ) m P(0 id Vop ) o r 72 o ki idvg o i Vc 



-i 

op 



V-d-op o ((T(i Vcl ) o po) B idy op ) o i 1 



(3.29) 



where 71 and 72 are paths in R + from 1 to z — C, and £ respectively. 

Conversely, from ([3371) . (f3T28l and (l339|) . it is clear that (pT24l or (pT25l) also implies 
(fL82|) . I 

Now we consider the associativity II (recall Proposition 11.17] ). 

Proposition 3.8. The associativity II is equivalent to the following condition: 

fJ-cl-op ° (idT(V ci ) E ^d-op) = Hcl-op ° ((T(fl d ) o <^ 2 ) B idy op ) o .A, (3.30) 
which can also be expressed by the following graphic equation 





(3.31) 

Proof. Using the convergence property of products and iterates of intertwining op- 
erators of V, it is not hard to show that, in the domain 



£>3 := C2)|*l > Ci > z 2 > C2 > 0,2( 2 > z 2 ,2d > z 1 + z 2 }, 

we have 

Yd-op(u\ ® uf ; zi, Ci)^d- op (iif <8> uf; z 1 ,(i)v 

= y®(y®(utzi - CiK,Ci)^ (5) (y 6) (4^2 - C2K ,c 2 )« 

for u\ <8) uf , u\®u^ G V c i and u G V^,. 

By (13.21113. 22|) and the fact that module maps are continuous, we obtain 



Yd-opivk <g> uf ; zi, Ci)^d!-op(«i ® «f ; Zl, (l)v 



P( 2 i-Ci)P(Ci) 

r^d — op 



( ld Tp (zi - Cl )(V ci ) ^P(d) Md- p 

P\ 



)( 



K ^P( 2l -Ci) "1 ) ^P(Ci) (("2 ^P( 22 -C2) "2 ) ^P(C2) v)) 



(3.32) 



(3.33) 



(3.34) 
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for (zi, Cij z 2 , C2) i n the domain D3. Moreover, by the universal property of tensor 
product and the nondegeneracy of intertwining operator algebra [Kl], 



P(*l-Cl)P(Cl) . / ;H . P(«2-C2)P(C2h foorx 

Md-op i ld rp (zi _ fl) (v ci ) ^p(Ci) ^c/-o P ) i 6 - 6b ) 

is the unique morphism in Hom(T P(zi _ fl) (y d )K]p( Cl ) (T P(22 _ (:2) (V r d )^p(c 2 ) Kp), ^ op ) such 
that the identity (13341) holds in D 3 . 

On the other hand of (jl.56p . it is proved in |HKo2 ] that Y can be expanded as 
follows: 

N 

Y a „K ® uf ; z, CK ® «f = # («i , *)«2 ® 3f («f , CK ( 3 - 36 ) 

i=l 

for some iV G Z+. There is a unique morphism 

^(ax-sOPfci-G,) £ Homc V0V (^ ^-^p^) V^,^,) 
such that, for u,v € V c i, 



Z2)P{Cl °°(« ^lp(«-«)P(Ci-&) w ) = Y -(^ *i " Ci - Ca)«- (3.37) 

By the convergence property of intertwining operator algebra, it not hard to see that, 
in the domain 

D4 := {(zi,Ci,^2,C2)ki > z 2 > Ci > C2 > 0,2C 2 > z h 2z 2 > z 1 + Cx}, (3.38) 
we have 

y c /_ op (Y an (uf <g> uf ; z\ - z 2 , Ci - (2)^2 ® «f ; 22, (2)^ 

AT 



= Y d _ op (yt(uf, z x - z 2 )u\ ® y*(uf, Ci - ( 2 )uf; z 2 , ( 2 )v 

i=l 
N 

= j2y {5 Hy i6 HyR^,z 1 -z 2 )uiz 2 -( 2 )yf i (u?xi-t2)u§,(2)v. 
1=1 

(3.39) 

Combining (|3.39p with (|3.37p . (|3.2(jp and (|3.22p and the fact that module maps are 
continuous, we obtain the following identity: 

Yd_ op (Y an (uf ® uf ; z\ - z 2 , (1 - ( 2 )u 2 ® u 2 ; z 2 , ( 2 )v 



_ P(z2-Ca)P(C2) n (T /, P(*i-»)P(Ci-Ca)\ 1571 ; j \/ 

((uf K P(Z1 _ 22) 4) K P(Z2 _ C2 ) (nf K P(Cl _ C2) u£)) K P(C2) v) (3.40) 

for Ci,^, C2) i n the domain D^. Moreover, by the universal property of tensor 
product and the nondegeneracy of intertwining operator algebra [Kl], 



, P(Z2-C 2 )P(C2) n frp f P(«l-Z 2 )P(Cl-C2)^ -1 N ( OAl\ 

Vd-op ( J P(^2-C2)(/ i c / ) ^P(( 2 ) ld v op ) (3.41) 

is the unique mor phism in Hom(Tp( 22 _ C2 )(Vd Rp(zi-z3)P(h-h) v d) ^P(( 2 ) V opi V o P ) such 
that the identity (pOOj) holds in D 4 . 
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Notice that the domains -D3 and D4 are disjoint. Now we fix a point (^1, Cl> 2 2> C2) 
in the domain 



{(Zl,(l,Z 2 ,(2)\zi > Cl > Z 2 > C2 > 0,2(2 > Zl,2Cl > 21 +Z 2 ,2Z2 > Ci + C2}, (3.42) 

which is a subdomain of D3. Let Z2 = Cl> Cl = z 2- Then the quadruple (zi, (1, ^2, C2) is 
in the domain D4. 

By the analytic properties guaranteed by Theorem 11.281 both sides of associativity 
(|1.56p can be uniquely extended to the boundary (zi, Ci, Z2, C2) € n M^ x . Moreover, 

Yd_op(iti <E> uf ; Zi, Cl) Y d-op(«2 <8> uf; z 2 , C2K 

and 

Y c ;_ op (Y an (uf ® uf ; 2 X - z 2) Cl ~ C2)^2 ® "2 5 ^2, C2K 
can be obtained from each other by analytic continuation along the following path 



z 2 1 1 z 2 Zi 
e e e 



C2 Ci ^ J Ci 

(3.43) 

Meanwhile, if we start from the element 

(«i Sp^-fO «f ) ^P(Ci) ((^2 ^P(, 2 -C 2 ) «?) ^P(C 2 ) w ) 



in rp( 2l _ fl )(y d ) Klp(^) (Tp( Z2 _ f2 )(Vd) Sp(^) V op ) and apply associativity isomorphisms 
repeatedly and braiding isomorphism on it, we obtain 



( ^(zi-<l)^(Cl)wi 



uf M P(zi) (uf H P(fl) l P(22 _ (2) O Kp (C2) «)), 



^(Ci-C 2 )-P(C 2 ) 



" * «1 ®p(*i) ((«f Bp( fl -c 3 ) ( u 2 ^P(, 2 -C 2 ) ^P(C 2 ) 
^ " ,r ' ; ' J :2) > uf Bp (zi) (((uf Kp (Cl _, 2) 4) K P(Z2 _ C2) uf) K P(C2) u), 



^P(Ci-z 2 )P( Z2 -C 2 ) 



>u\ ® P{zi) ((e^-^C-i) . 

7^(4 S P( _ Cl+Z2) uf ) Kp(, 2 _ ?2) uf ) K P(C2) «) , (3.44) 

where we have ignored the obvious identity maps and 7_ is a path from — (1 + 22 to 
Ci — z 2 given by j-(t) = (— Cl + ^2)e _7r **,i G [0, 1]. Now we analytic continuate the last 
line of (|3.44p along the path (|3.43p . we obtain 

u{ ® P{zi) (((uf ® P{Cl - Z2) uf) ® P(Z2 - C2) uf) Kp ((2) «) , (3.45) 

which is nothing but the third line of (|3,44|) except uf and uf being exchanged. Note 
that the last line of (|3.44|) and (j3.45|) are elements in the algebraic completion of the 
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same ^-module. We denote this ^-module as W . Now we further apply associativity 
morphisms on (|3.45p and use Z2 = Ci an d Ci = %2- We then obtain 



* U l K P(zi) (K ^P(5 2 -C2) ( U l ^P(C!-C2) M 2 )) ^P(C 2 ) V ) 



P( Z1 -C 2 )P(C 2 ) 



.4 



-P(^i)-P(C 2 ) 



A 



^(^i-C 2 )P(2 2 -C 2 ) 



♦ (< Hp^-so K ^P(5 2 - C2 ) («i ^P(C!-C 2 ) u 2 ))) ^P(C 2 ) v > 

((«i ^P(, 1 -i 2 ) 4) ^P(5 2 -C 2 ) ( u ? K P(Ci-C 2 ) M r«*) v - ^ 3 - 46 ) 



J P(^i-i 2 ) ^2 ) ^P(5 2 -C 2 ) 

Let to be the morphism W — > V^, such that 



o 7? p (^- 22 ) o _4 P (Ci-^)P(^ 2 -C 2 ) 
m - • A P(Ci-C 2 )P(z2-C 2 ) 



,P(Cl"C 2 )P(C 2 ) {J r 



,P(zi-Ci)P(Ci)n-1 



(3.47) 



If we apply m on both the last line of (|3.44|) and (|3.45p , the two images of m are clearly 
the analytic continuation of each other along the path (13. 43ft . On the other hand, 
combining this fact with (|3.40p and (|3.46p . we obtain that 



"P(i 2 -C2) 



(3.48) 



because the extensions of both sides of (I3.48P , applied on (j3.45H , give the same element 
in V op . Therefore, we further obtain from (|3.47p and (|3,48p the following identity: 



(13 351) - (I34TD o A Pte-**)Pt*2-<z) ,P(^-f2)P(C2) M P(5 2 -C 2 )P(Ci-C 2 ) r i 

(|i^J) - (li4J4) °- /l P( Zl -C 2 )P(5 2 -C 2 ) 0,A P(2i)P(C2) ^P(2 2 -C 2 ) > 

P{Ci-z2) „ A P(ii-z2)P(z2-t 2 ) n ,P(Ci-C 2 )P(C 2 ) „ f „P(«i-Ci)P(Cih-i 
p(Ci-C 2 )P(^ 2 -C 2 ) ^(CO^Ka) 



^T?- 1 VSl— «V _ yl-r (,",l-^ 2 ;J-^ 2 -<, 2 7 yi-r (,1,1-1,27-r ^, 2 ; / yl 



(3.49) 



Using the commutative diagram (|3.4p(|3.7p and the definition of if 2 (recall (|3.13p ). it 
is easy to see that (|3.49p implies the commutativity of the following diagram: 



T P{zi - Cl) (V d ) B P(fl) (T P{z2 ^ 2) (V cl ) M P{(2) Vop) 
h 



(3.50) 



T(V d ) m (T(Vd) H F op ) 
A 



I3T351 



(T(7 ci )IT(V ci ))8K 



Op 



op 



T(V d MV cl )M V op 

91 



z 2 =z 2 .Ci=Ci 



T P(5 2 -C 2 )<X« ^P(zi-S„)P(Cx-C2) Vc ^> m P((2) V °P 



where 



/i = id 



T(V cl ) 



74 



^73 ^71 



91 = T P{Z 2 -C2)( T 17 ® ^s) ^P(C2) id ^o P ° (^76 ^P(C 2 ) id O ° ^75 



(3.51) 
(3.52) 
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in which 73, i = 1, . . . , 4 are paths in M. + from (1, z\ — (1,(2, Z2 — C2 to 1 respectively and 
7i, £ = 5, . . . , 8 are paths in M + from 1 to (2, ^2 — C2, z\ — %2, Ci ~~ C2 respectively. 
Using (|3,23|) . it is easy to see that 

fid-op o (id T (y cl ) E /id_ a p) = p.35|) o /f 1 , 
Md-op o (T(Atci) B idy op ) = (j3aiDo ffl . (3.53) 

(|3.53p together with the commutative diagram (13.50P implies (13.30p . which is nothing 
but the commutativity of the subdiagram in the middle of (j3.50D . 

Conversely, (|3.30j) implies the commutativity of the diagram (j3.50p . It is easy to see 
that above arguments can be reversed. Therefore, we can also obtain the associativity 
II (fL56|) from ([33UD . I 

We now study the categorical formulations of the rest conditions needed in Theorem 
11.281 The proof of them are essentially the same as that of Proposition 13.81 So we will 
only sketch the proofs below. 

Proposition 3.9. The associativity I (recall Proposition 1 1 . 1 b]) is equivalent to the fol- 
lowing condition: 

Hci-ap^T{V cl ) E Hop) = Vopif-Lcl-op E idy op ) o A (3.54) 
which can also be expressed in the following graph: 





Proof. The left hand side of (jl.52p gives arise to a morphism 



P(z-C)P(C) 

/V 



-op 



(3.55) 



(3.56) 



in Hom(Tp( 2 _^)(V r c /) ^P(C) (Vop ^p(r) Vop), V op ). The right hand side of (|1.52p gives arise 
to a morphism 

<, (r) (^ C)P(C ~ r) Blp(c-r) idvj (3.57) 
in Hom((Tp( 2 _ c) (V d ) K P(? ) V op ) B P(r ) V op ,V ov ). 

For z, (, r in a proper subdomain of z > Q > r > 0, using similar arguments as in 
Proposition 13.81 we obtain that the associativity (jl.52p . for some z,£,r, f E R+, implies 
the following commutative diagram: 



Tp(z~Q(Vci) Klp(f) (V op Kp( r ) V op ) 

J335J 

T(K,)8(y op §g :: ;m;,„ 



(3.58) 




(T(V d )mV op )MV op 



13371 



(2p(«-C)(^) ^P(C-r) V op ) Klp( r ) U c 
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where 



/ 2 = (T 72 HT 73 )oT 7l , (3.59) 
92 = T l6 M P{0 id Vop ) M P(r) id Vop o (T 75 M P(r) id Vop ) o T 74 , (3.60) 

where 7$, i = 1, 2, 3 are paths in M + from Q,z — (, and r to 1 respectively and 7$, i = 4, 5, 6 
are paths in M + from 1 to r, £ — r and z — ( respectively. The commutativity of outside 
loop in (|3.58p implies immediately the commutativity of the subdiagram in the middle 
of (|3.58|) . which is nothing but the identity (|3.54|) or (|3.55|) . 

Conversely, using (|3.58p and reversing above arguments, it is clear that (I3.54p or 
(|3.55p also implies the associativity (|1.52p . I 

Let Vd = ®f =l W^ ® W t R . We define a map T(V d ) M V op ^ V op M T{V d ) by 



01 := 



)f =x {n + M id wR ) 0A0 (id W L M K-) o A~ x . 



(3.61) 



Proposition 3.10. The commutativity I (recall Proposition is equivalent to the 

following identity: 



/i c /_ op (id T( y c; ) Kl Hop) = fi op (id Vop M Hd-o P ) o A 1 o a x o A, 
or the following graphic identities: 



(3.62) 







(3.63) 



Proof. There is a morphism 

P(z-()P(Q 
Vcl-op ° 



(3.64) 



in Hom(Tp( z _^(V c i) ^p(Q (Vop ^p( r ) Vop)) associated to (|1.58p . There is another mor- 
phism 

$0 ° (idy op H PW ^o~p C)P(C) ) (3-65) 

in Hom(y o p Kl (T(Vk) M V op )) associated to (fL59l) . 

For z, C, r, ri in a proper subdomain of r\ > z > C > r > 0, using similar argu- 
ments as in Proposition 13.81 we obtain that the commutativity I, implies the following 



■IS 



commutative diagram: 




(3.66) 



V op Kp( n ) (T P ( z _q(V c i) Klp(^) Vop) 



where 

h = (T 72 ®T 73 )oT 7l , (3.67) 
54 = (idy op ^(T 75 KT 76 )or 74 , (3.68) 

in which 7j, i = 1, 2, 3 are paths in R + from z — £ and r respectively to 1 and = 
4, 5, 6 are path in M + from 1 to r\, z — C, and Q respectively. Above commutative diagram 
immediately implies that the subdiagram in the middle of (|3.66p is commutative. This 
is nothing but the commutativity (13.620 or the first formula in (13.630 . Moreover, it also 
easy to see that the two formula in (|3.63p are actually equivalent. 

Conversely, using commutative diagram (|3.66p and reversing above arguments, it is 
clear that (|3.63p implies the commutativity of rational & c . I 

Commutativity II (recall Proposition 1 1 . 19j) is not needed in Theorem II .281 because it 
automatically follows from associativity II and skew symmetry of V c [. It also has a very 
nice categorical formulation as given in the following proposition, which follows from 
(I3TT8|) and ([3T3T]) immediately. 

Proposition 3.11. For an open- closed field algebra overV, we have 

Hd-op ° id-r(v ci ) ^ Hd-op = fJ-d-op ° id T(v c; ) Hd-op ° A^ 1 o a o A, 
or equivalently 




(3.69) 
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In summary, we have already completely reformulated the all the data and conditions 
in Theorem 11,281 in the language of tensor category as f)3.23j) , (|3.24[) , (|3.30p , (|3.54[) and 
(|3,62|) or equivalently as graphic identities (|3.25|) . (|3.31|) . (|3.55|) and (|3.63|) . 

We define a morphism id-op : T(V c i) — > V op as the composition of the following 
maps: 



T(V d ) T(V d ) 



ids 



Ho, 



T(V C 



d 



"op ' 'op- 



(3.70) 



or equivalently as the following graphic formula: 



t cl- 



op 




(3.71) 



Lemma 3.12. id-op is an algebra morphism from T(V C [) to V op . 
Proof. That id-op maps identity to identity is proved as follows: 



do 




00 



(3.72) 



The homomorphism property fj, op o (id-op M id-op) = ^d-op 'fhd is proven as follows: 






(3.73) 



Definition 3.13. An open-closed Cy\Cy®y -algebra, denoted as 

( (^opi l^op-i ^op) I \A-di l^di ^d)t ^d— op ) 

or simply (A op \A c [, Ld-ap)i consists of an associative algebra (A op , [i op , L op ) in Cy, a com- 
mutative associative algebra with a trivial twist (Ad, fid, id) in Cy®y and an associative 
algebra homomorphism id-op '■ T(Ad) — ► A op , satisfying the following commutativity: 



fJ-op ° (id-op idy op ) = fJLop o (id 



v op si id- 



op 



)°o-i, 



(3.74) 



or equivalently, 




(3.75) 

Theorem 3.14. The notion of open-closed field algebra over V is equivalent to that of 
open-closed Cy\Cy^y -algebra, in the sense that the categories of above two notions are 
isomorphic. 
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Proof. Given an open-closed field algebra over V, we have shown that it gives a 
triple (V c i,V op , fi c [^ op ), in which V c \ is a commutative associative algebra in Cy^y with 
a trivial twist, and V op is an algebra in Cy, and fJ. c i-op satisfies (|3.25p . (|3.31|) . (|3.55j) and 
(|3.63p . Moreover, we have shown that i c i-op defined by (|3.7ip gives an morphism of 
associative algebra. Now we prove (|3.75p as follows: 




Hence (V op \ V c i, id-op) is an open-closed Cv\Cy^,v-algebra. 

It is easy to check that it gives a functor from the category of open-closed field 
algebras over V to that of open-closed Cy |Cy®y-algebras. 

Conversely, given an open-closed Cy {Cy^y -algebra, (V^IV^, i c /_ op ), we define a mor- 
phism fJ, c i-op G Hom(T(Vd) IE V op , V op ) as 



l^cl—op 




(3.76) 

Since L c i- op is an algebra homomorphism, it maps unit to unit (recall (13.72[) ) . Thus the 
identity property of ii c i- op holds. Then the identity property of Y c ;_ op follows. 
Furthermore, we have 




which gives the associativity II (|3.3ip . The associativity I (|3.55|) follows from 




By using (|3.2p . we can prove the commutativity (|3.63[) as follows: 
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Notice that the other half of (|3.63p is equivalent to the first half. Also notice that the 
commutativity (|3.69p simply follows from (|3.15p and the fact that L c i__ op is an algebra 
homomorphism. 

It is easy to check that this correspondence gives a functor from the category of 
open-closed Cy |Cyg,y-algebras to that of open-closed field algebras over V. 

That the two relevent categories are isomorphic follows from ()3.71j) and (|3.T6[) easily. 

I 

It is very easy to construct open-closed Cy ICy^y-algebras. For example, let A be 
an associative algebra in Cy<%y and Ci(A) the left center of A [Oj. Let Aq be any 
subalgebra of Ci{A) and t : Aq A the natural embedding. Then it is clear that 
(T(A)\Aq,T(l)) gives an open-closed Cy \Cyg,y -algebra, which further gives an open- 
closed field algebra over V and a smooth 6 c -algebra over V. We will not pursue the 
construction further in this work. Instead, we leave it to |K3| . in which we will construct 
explicit examples that are most relevent in physics. Moreover, a general theory of open- 
closed Cy | Cy^y-algebr as and its variants ( |K3] ) will be developed and its connection to 
the works [FFFSj [FS3] [FRSlj - [FRS4j |FjFRS| will be explained in future publications. 
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